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Overview of the talk
Topic: Programme for mathematically rigorous construction of quantum
field theory models

▶ Quantum Field Theory (QFT) successes:
– Basis of current understanding of elementary particle physics
– extremely successful match with experiment
– motor/inspiration for research in mathematics

▶ Quantum Field Theory problems:
– explicit construction of examples (“models”) extremely difficult
– often only perturbative approaches possible, with no control over
convergence of perturbation series
– Millenium Problem: Yang–Mills and Mass Gap

▶ This talk:
– Overview of non-perturbative construction programme for specific
QFT models
– will focus on QFT on 2d Minkowski spacetime that is “integrable”
– will use an operator-algebraic setting
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QFT on two-dimensional Minkowski space
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QFT on two-dimensional Minkowski space

Mathematical input:
H1 = L2(R, dθ)⊗K (single particle Hilbert space),
K ∶ internal degrees of freedom (could be trivial, K = C)
Unitary positive energy representation U of Poincaré group P:
(U(x,λ)ψ)α(θ) = eip(θ)xψα(θ − λ), (U(j)ψ)α(θ) = ψᾱ(θ)

n-particle states: suitably symmetrized subspace of H⊗n1

Full Hilbert space H: Fock space F(H1), contains vacuum vect. Ω
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Integrable scattering
In two dimensions, there exist special integrable QFTs with:

infinitely many conservation laws constraining the dynamics
No particle production in scattering processes
{incoming momenta} = {outgoing momenta}
n-particle scattering can be described by product of two-particle
S-matrices (“factorizing S-matrix”)

For such QFTs, the two-particle S-matrix S is the defining quantity
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Two-particle S-matrices
Setting: Hilbert space H1 = L2(R, dθ)⊗K with representation U fixed

Definition
A two-particle S-matrix is a continuous function S ∶ R→ B(K ⊗K) s.t.

S(θ) is unitary for all θ ∈ R
S solves the factorization (Yang-Baxter) equation:

(S(θ)⊗ 1)(1⊗ S(θ + θ′))(S(θ′)⊗ 1)
= (1⊗ S(θ′))(S(θ + θ′)⊗ 1)(1⊗ S(θ))

S extends to a bounded analytic function on the complex strip
S = {ζ ∈ C ∶ 0 < Imζ < π}

(crossing symmetry, TCP symmetry, Hermitian analyticity, ... )

Examples: K = C, S(θ) = sinh θ+ig
sinh θ−ig Sinh-Gordon model

K = CN , S(θ) = σ1(θ)P + σ2(θ)1 + σ3(θ)F O(N)-sigma model

Task: Construct a QFT with a given S as its two-particle S-matrix
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A QFT is usually described by quantum fields φ(x), roughly:
φ(x) is an operator on H (actually: operator-valued distribution)

Covariance: U(a, λ)φ(x)U(a, λ)−1 = φ(Λλx + a)
Locality: [φ(x), φ(y)] = 0 for x space-like to y

Interaction: φ is specified in terms of an equation of motion /
interaction Lagrangean and a renormalization procedure

▶ With quantum fields: can in principle determine scattering
behaviour, compute S-matrix

▶ For integrable models, can also take inverse scattering point of view:
Fix S, construct QFT (“φ”)

▶ This task is usually taken up in the form-factor programme
(perturbative construction of ⟨θ1, . . . , θn∣φ(x)∣θ′1, . . . θ′m⟩)

▶ Focus of this talk: Alternative approach using operator algebras
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The inverse scattering construction I: Fock space
Fix one-particle space H1 and S-matrix S. Let

S ∶H1 ⊗H1 →H1 ⊗H1, (SΨ2)(θ1, θ2) ∶= S(θ2 − θ1)Ψ2(θ2, θ1).

Then S generates representations ρ(n)S of the symmetric groups Sn on
H⊗n1 , fixed on transpositions τk via

ρ
(n)
S (τk) = Sk ∶= 1⊗(k−1) ⊗S ⊗ 1⊗(n−k−1).

Definition
The S-symmetric Fock space is

HS ∶=⊕
n≥0

P
(n)
S H⊗n1 , P

(n)
S = 1

n!
∑

π∈Sn

ρ
(n)
S (π).

This is the Bose/Fermi Fock space for S = ±F (tensor flip).

On HS , have creation/annihilation operators a#S (ξ), ψ ∈H1:

a∗S(ξ)Ψn ∶=
√
n + 1P (n+1)S (ξ ⊗Ψn), aS(ξ) = a∗S(ξ)∗.
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The inv. scatt. construction II: Wedge-local fields
Consider the field operators

ϕS,α(x) ∶= ∫
R
dθ (eip(θ)⋅xa∗S,α(θ) + e−ip(θ)⋅xaS,ᾱ(θ)) .

▶ The integrated fields ϕS(f) = ∑α ∫ d2xfα(x)ϕS,α(x), fα ∈S (R2),
can be given proper meaning as essentially selfadjoint operators on
HS .

▶ For S = F , this is the free Klein-Gordon field.
▶ Covariance: We have U(a, λ)ϕS,α(x)U(a, λ)−1 = ϕS,α(Λλx + a),

but not U(j)ϕS,,α(x)U(j)−1 = ϕS,ᾱ(−x).
▶ Locality: We do not have [ϕS,α(x), ϕS,β(y)] = 0 for x − y

space-like unless S = F .
Way out: Consider second field operator
ϕ′S,α(x) ∶= U(j)ϕS,ᾱ(x)U(j)−1.

Theorem (GL 03, GL/Schützenhofer 14)
[ϕS,α(x), ϕ′S,β(y)] = 0 if x is left space-like to y.
(spectral projections of closures of ϕS(f) and ϕ′S(g) commute for supp f
left space-like to supp g)

8 / 15



The inv. scatt. construction II: Wedge-local fields
Consider the field operators

ϕS,α(x) ∶= ∫
R
dθ (eip(θ)⋅xa∗S,α(θ) + e−ip(θ)⋅xaS,ᾱ(θ)) .
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HS .

▶ For S = F , this is the free Klein-Gordon field.
▶ Covariance: We have U(a, λ)ϕS,α(x)U(a, λ)−1 = ϕS,α(Λλx + a),

but not U(j)ϕS,,α(x)U(j)−1 = ϕS,ᾱ(−x).
▶ Locality: We do not have [ϕS,α(x), ϕS,β(y)] = 0 for x − y

space-like unless S = F .
Way out: Consider second field operator
ϕ′S,α(x) ∶= U(j)ϕS,ᾱ(x)U(j)−1.

Theorem (GL 03, GL/Schützenhofer 14)
[ϕS,α(x), ϕ′S,β(y)] = 0 if x is left space-like to y.
(spectral projections of closures of ϕS(f) and ϕ′S(g) commute for supp f
left space-like to supp g)
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Theorem (GL 03, GL/Schützenhofer 14)
[ϕS,α(x), ϕ′S,β(y)] = 0 if x is left space-like to y.

(spectral projections of closures of ϕS(f) and ϕ′S(g) commute for supp f
left space-like to supp g)

8 / 15



The inv. scatt. construction II: Wedge-local fields
Consider the field operators

ϕS,α(x) ∶= ∫
R
dθ (eip(θ)⋅xa∗S,α(θ) + e−ip(θ)⋅xaS,ᾱ(θ)) .
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Wedges
Consider the right wedge

W ∶= {x ∈ R2 ∶ x1 > ∣x0∣}

with causal complement W ′ = −W (left wedge).
time

space

W
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Wedges
Consider the right wedge

W ∶= {x ∈ R2 ∶ x1 > ∣x0∣}

with causal complement W ′ = −W (left wedge).

ϕS,α(x) and ϕ′S,β(y) commute if the wedge regions −W + x and
W + y are space-like separated.
Interpretation of commutation theorem: ϕS,α(x) is localized in the
region −W + x, not at the point {x} (wedge-local quantum field)
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Operator-algebraic formulation
To proceed from wedge-local to local observables/fields, it is
advantageous to use an operator-algebraic formulation.
Consider the von Neumann algebras

MS(x) ∶= {bounded measurable functions of ϕ′S(f), supp(f) ⊂W + x}

and their commutants

MS(x)′ ∶= {A ∈ B(HS) ∶ [A,B] = 0∀B ∈MS(x)}.

Proposition:

MS(x)Ω ⊂HS is a dense subspace (vacuum is cyclic)
MS(x)′Ω ⊂HS is a dense subspace (vacuum is separating)
MS(x)′ = {bounded meas. functions of ϕS(g), supp(g) ⊂ −W + x}
(Haag duality)

→ setup of algebraic QFT, where one considers nets of von Neumann
algebras R2 ⊃ O ↦ A(O). Idea: A(O) describes the observables
measurable within space-time region O.
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Local observables
What is the algebra of all observables localized in a double cone Ox,y?

Maximal choice is
AS(Ox,y) =MS(x)′′ ∩MS(y)′ =MS(x) ∩MS(y)′

=relative commutant of MS(y) ⊂MS(x).
Main question: Does a given S-matrix S admit local observables?
⇐⇒ AS(Ox,y) ≠ C?
Possible strategies for answering:

Construct elements of AS(O). → explicit construction runs into
complexity and convergence problems
Decide non-triviality of AS(O) abstractly.
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Modular Nuclearity
Facts from operator algebras:

A von Neumann algebra M on a Hilbert space H with vector Ω ∈H
s.t. MΩ and M′Ω are dense determines a modular operator ∆ > 0,

∆itM∆−it =M t ∈ R
“intrinsic time evolution”
For the von Neumann algebras MS , one can show

∆it = U(0,−2πt) Lorentz boosts
“Bisognano-Wichmann property”, geometric modular action
Theorem: If S is such that the map

MS ∋ Az→∆1/4U(x,0)AΩ ∈H
is nuclear (can be approximated well by finite-rank maps), then
AS(O0,x) is “large” (type III1 factor, infinite-dimensional, Ω cyclic).
Main message: Existence of local observables can be decided by
“estimates” on analytic continuations in rapidity
If the modular nuclearity condition holds, then our construction
produces a well-defined QFT.
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Existence Results
Definition
An S-matrix S is called regular if there exists κ > 0 such that S extends
to a bounded analytic function on the extended strip −κ < Imθ < π + κ.

Theorem
If S is regular, satisfies S(0) = −F , and the “intertwiner property”, then
the modular nuclearity condition holds for x large enough.

Intertwiner property relates Sn-representations given by S and F in
a specific manner – automatically satisfied for scalar models (K = C)
Theorem applies to various models, e.g. Sinh-Gordon, diagonal S,
Ising. Case of O(N)-models is still open.
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Scattering theory and asymptotic completeness
So far: Starting from a two-particle S-matrix S with certain properties,
have constructed a QFT (in the algebraic framework) that depends on S.

Question: Physical significance of S in these models? (scattering)

Using Haag-Ruelle scattering theory, one can compute the
asymptotic states (incoming/outgoing) in any model with
non-trivial local observables.

Theorem
Suppose S satisfies the modular nuclearity condition. Then

(f+1 × . . . × f+n)out = ϕS(f1)⋯ϕS(fn)Ω,
(f+1 × . . . × f+n)in = ϕS(fn)⋯ϕS(f1)Ω,

and the corresponding model is asymptotically complete. The S-matrix is
(for scalar models)

(ŜΨn)(θ1, . . . , θn) =∏
l<k
S(∣θl − θk ∣) ⋅Ψn(θ1, . . . , θn).

Proves ideas underlying the Zamolodchikov-Faddeev algebra.
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Conclusion and outlook
The inverse scattering problem can be solved rigorously and
non-perturbatively using wedge-local fields and modular nuclearity.

Under certain conditions on S, the models exist and are then
automatically asymptotically complete (full control over scattering)

Extensions/other directions:

Inclusion of bound states
Perturbative expansions, contact with form-factor programme
Contact with non-local models (non-commutative geometry, free
probability)
Characterization of integrability (polarization-free generators)
Models in higher dimensions
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