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4D gravity via triples of 2-forms



Main message
There exists a very powerful, both geometrically and computationally, formalism for 4D GR

Encodes the spacetime metric into a triple of 2-forms (satisfying some simple algebraic relation)

This formalism is far from being new, it was discovered by Jerzy Plebanski in 1978

Many aspects of this formalism are well-known and standard in the mathematical literature on 4D geometry

The purpose of this talk is to explain you the geometry behind this formalism

And also explain in what sense it is (in my view) superior to the usual metric one

At a very basic level, we are talking here about a convenient and useful choice of variables for GR



Motivations
Gravity = Geometry

GR is the dynamical theory of the spacetime metric
<latexit sha1_base64="Dgm1qfJd3NHAmVVjgbjD0t4h81Y="></latexit>

Rµω → 1

2
(R→ 2!) = 8ωGTµω

It is now understood that vacuum Einstein equations
<latexit sha1_base64="Hqk3rAPWh2gK6y16bAKx/PttyEM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUnE10YounHhoop9QBPCZDJth04mYR5CCV268VfcuFDErZ/gzr9x2gbR1gMDh3Pu4c49YcqoVI7zZRXm5hcWl4rLpZXVtfUNe3OrIRMtMKnjhCWiFSJJGOWkrqhipJUKguKQkWbYvxz5zXsiJE34nRqkxI9Rl9MOxUgZKbB3b4PMi7XH9RCeQ+/aJCMEuz9iYJedijMGnCVuTsogRy2wP70owTomXGGGpGy7Tqr8DAlFMSPDkqclSRHuoy5pG8pRTKSfjQ8Zwn2jRLCTCPO4gmP1dyJDsZSDODSTMVI9Oe2NxP+8tladMz+jPNWKcDxZ1NEMqgSOWoERFQQrNjAEYUHNXyHuIYGwMt2VTAnu9MmzpHFYcU8qxzdH5epFXkcR7IA9cABccAqq4ArUQB1g8ACewAt4tR6tZ+vNep+MFqw8sw3+wPr4BkXLmYY=</latexit>

Rµω = !gµω

Are the unique diffeomorphism invariant second-order in derivatives equations that can be written down (in 4D)

Predictions of GR agree with all our observations of the Universe so far - Cosmology, Gravitational Waves



Nevertheless, GR is a very difficult theory to deal with

Mathematically, Einstein equations are complicated non-linear hyperbolic (mod gauge) 

second-order PDE’s for the metric

Even the statement of well-posedness was only proven in 1952 (Choquet-Bruhat)

Difficulties



Hidden simplicity
But there are also hints of hidden simplicity

Many parallels with YM theory (or E&M) but both are much simpler than GR

Studying scattering amplitudes one learns that GR=(YM)^2 

Also both of these theories have the so-called self-dual sector which is integrable

One of the main achievements of Penrose’s twistor program is establishing this integrability 

and also linking it to complex analysis and algebraic geometry

All this is simply invisible in the usual metric formulation



Cartan’s formalism of moving frames
A step towards simplification is made by Cartan’s frame formalism

Given some “geometric structure” = collection of tensors

one can consider all frames “compatible” with this structure

For example, in the metric case this would be all orthonormal frames

In many cases, what arises is a principal G-bundle of such compatible frames

One calls this type of geometry that of G-structures



Riemannian case
For (pseudo-) Riemannian case one obtains the SO(n) or SO(1,n-1) principal bundle of oriented orthonormal frames

This leads to a powerful frame formalism

Concretely, a frame is viewed as a map
<latexit sha1_base64="wGoI9PCFXtmaEweD7OD6XTx18gw=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRnxhauiGzdClb6gU0smTdvQTGZI7ghl6M6Nv+LGhSJu/QV3/o2ZdhbaeiBwOOdecs/xI8E1OM63NTe/sLi0nFvJr66tb2zaW9s1HcaKsioNRagaPtFMcMmqwEGwRqQYCXzB6v7gKvXrD0xpHsoKDCPWCkhP8i6nBIzUtvc86DMgF9gLCPR9P7kb3UvsQYgr7QjftO2CU3TGwLPEzUgBZSi37S+vE9I4YBKoIFo3XSeCVkIUcCrYKO/FmkWEDkiPNQ2VJGC6lYxzjPCBUTq4GyrzJOCx+nsjIYHWw8A3k+m1etpLxf+8Zgzd81bCZRQDk3TyUTcW2MRMS8EdrhgFMTSEUMXNrZj2iSIUTHV5U4I7HXmW1I6K7mnx5Pa4ULrM6sihXbSPDpGLzlAJXaMyqiKKHtEzekVv1pP1Yr1bH5PROSvb2UF/YH3+AMSYmJw=</latexit>

ω : Rn → TpM

Given such a map one can build the all-important soldering form

<latexit sha1_base64="Mu8bWX55+xfSl+/LeSaI0Y5LWXs=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoOQHAwz4nYRgl48RjALJDH0dCpJk56F7hohDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5kRQaHefbSi0tr6yupdczG5tb2zv27l5Vh7HiUOGhDFXdYxqkCKCCAiXUIwXM9yTUvMH12K89gNIiDO5wGEHLZ71AdAVnaKS2nYV8vUAvaRP7gOw+OXJH+WYkjFigbTvnFJ0J6CJxZyRHZii37a9mJ+SxDwFyybRuuE6ErYQpFFzCKNOMNUSMD1gPGoYGzAfdSiZPjOihUTq0GypTAdKJ+nsiYb7WQ98znT7Dvp73xuJ/XiPG7kUrEUEUIwR8uqgbS4ohHSdCO0IBRzk0hHElzK2U95liHE1uGROCO//yIqkeF92z4untSa50NYsjTbLkgOSJS85JidyQMqkQTh7JM3klb9aT9WK9Wx/T1pQ1m9knf2B9/gD5aJXD</latexit>

e(X) = ω→1(ε(X))

<latexit sha1_base64="sN8GGpKpYZwAbHtQ3hQjIUeq6A0=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSiK+cCUK4kaoYlVoaplMb9vBySTM3AgldOvGX3HjQhG3/oE7/8ZJzUKrBwYO59zL3HPCRAqDnvfpjI1PTE5Nl2bKs3PzC4vu0vKliVPNoc5jGevrkBmQQkEdBUq4TjSwKJRwFd4e5f7VHWgjYnWB/QSaEesq0RGcoZVaLoV9etEKsAfI6PEpDTCmQcSwF4bZ+eBG0ZZb8areEPQv8QtSIQVqLfcjaMc8jUAhl8yYhu8l2MyYRsElDMpBaiBh/JZ1oWGpYhGYZjZMMqDrVmnTTqztU0iH6s+NjEXG9KPQTuZHmlEvF//zGil29pqZUEmKoPj3R51UUhs3r4W2hQaOsm8J41rYWynvMc042vLKtgR/NPJfcrlZ9Xeq22dblYPDoo4SWSVrZIP4ZJcckBNSI3XCyT15JM/kxXlwnpxX5+17dMwpdlbILzjvX51mmQs=</latexit>

e : TωFM → Rn <latexit sha1_base64="wPcq659Jre4GHi9istET1Ikw8kk=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURX8uiIG4KFewDmlAm02k7dDIJMxO1xC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nuCmDOlHefbmptfWFxazq3kV9fWNzbtre2aihJJaJVEPJKNACvKmaBVzTSnjVhSHAac1oP+5civ31GpWCRu9SCmfoi7gnUYwdpILXv3qoy8B8m6PY2ljO5TL2ZDVG7ZBafojIFmiZuRAmSotOwvrx2RJKRCE46VarpOrP0US80Ip8O8lygaY9LHXdo0VOCQKj8d3z9EB0Zpo04kTQmNxurviRSHSg3CwHSGWPfUtDcS//Oaie6c+ykTcaKpIJNFnYQjHaFRGKjNJCWaDwzBRDJzKyI9LDHRJrK8CcGdfnmW1I6K7mnx5Oa4ULrI4sjBHuzDIbhwBiW4hgpUgcAjPMMrvFlP1ov1bn1MWuesbGYH/sD6/AHMZ5X7</latexit>

FM
ω→↑ Mwhere

is the principal frame bundle

This gives rise to an 
<latexit sha1_base64="EAEPvm1hiMuSP44ZDC90rCN5YyU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KKfUATy2Q6aYdOJmEeQgn9DTcuFHHrz7jzb5y0WWj1wMDhnHu5Z06Ycqa06345paXlldW18nplY3Nre6e6u9dWiZGEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxf537nkUrFEnGvJykNYjwULGIEayv5foz1KAyzu+mD6Fdrbt2dAf0lXkFqUKDZr376g4SYmApNOFaq57mpDjIsNSOcTiu+UTTFZIyHtGepwDFVQTbLPEVHVhmgKJH2CY1m6s+NDMdKTeLQTuYZ1aKXi/95PaOjyyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqaKLcFb/PJf0j6pe+f1s9vTWuOqqKMMB3AIx+DBBTTgBprQAgIpPMELvDrGeXbenPf5aMkpdvbhF5yPb0hhkdw=</latexit>

Rn valued 1-form in the associated 
<latexit sha1_base64="EAEPvm1hiMuSP44ZDC90rCN5YyU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1l047KKfUATy2Q6aYdOJmEeQgn9DTcuFHHrz7jzb5y0WWj1wMDhnHu5Z06Ycqa06345paXlldW18nplY3Nre6e6u9dWiZGEtkjCE9kNsaKcCdrSTHPaTSXFcchpJxxf537nkUrFEnGvJykNYjwULGIEayv5foz1KAyzu+mD6Fdrbt2dAf0lXkFqUKDZr376g4SYmApNOFaq57mpDjIsNSOcTiu+UTTFZIyHtGepwDFVQTbLPEVHVhmgKJH2CY1m6s+NDMdKTeLQTuYZ1aKXi/95PaOjyyBjIjWaCjI/FBmOdILyAtCASUo0n1iCiWQ2KyIjLDHRtqaKLcFb/PJf0j6pe+f1s9vTWuOqqKMMB3AIx+DBBTTgBprQAgIpPMELvDrGeXbenPf5aMkpdvbhF5yPb0hhkdw=</latexit>

Rn bundle



Frame formalism concretely
Concretely

<latexit sha1_base64="3jkBdUoujnQTq8zkWh/cdXpSMGU=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBRSkz4msjFN3YXQX7gM5YMplMG5pJxiQjlKFu/BU3LhRx61+4829M21lo64ELh3Pu5d57/JhRpW3725qbX1hcWs6t5FfX1jc2C1vbDSUSiUkdCyZky0eKMMpJXVPNSCuWBEU+I02/fzXymw9EKir4rR7ExItQl9OQYqSN1CnskrtqCbr3CQpg9cIpuSwQWpWgsYp22R4DzhInI0WQodYpfLmBwElEuMYMKdV27Fh7KZKaYkaGeTdRJEa4j7qkbShHEVFeOv5gCA+MEsBQSFNcw7H6eyJFkVKDyDedEdI9Ne2NxP+8dqLDcy+lPE404XiyKEwY1AKO4oABlQRrNjAEYUnNrRD3kERYm9DyJgRn+uVZ0jgqO6flk5vjYuUyiyMH9sA+OAQOOAMVcA1qoA4weATP4BW8WU/Wi/VufUxa56xsZgf8gfX5A+GxlUM=</latexit>

eI , I = 1, . . . , n collection of 1-forms that are declared orthonormal and thus encode the metric

<latexit sha1_base64="+cXYTtlyly7hIkcwDFvRhH3zSo4=">AAACC3icbVDJSgNBEO1xN26jHr00BkEvYUbcLoLoxeSkYBZI4lDTqcQmPT1Dd48Qhty9+CtePCji1R/w5t/YWQ4afVDweK+KqnphIrg2nvflTE3PzM7NLyzmlpZXVtfc9Y2KjlPFsMxiEataCBoFl1g23AisJQohCgVWw+7FwK/eo9I8ljeml2Azgo7kbc7AWClwtxsSQgFBjeJtkZ7SRhxhB3Zre7fFrB+UrFoK3LxX8Iagf4k/JnkyxlXgfjZaMUsjlIYJ0Lrue4lpZqAMZwL7uUaqMQHWhQ7WLZUQoW5mw1/6dMcqLdqOlS1p6FD9OZFBpHUvCm1nBOZOT3oD8T+vnpr2STPjMkkNSjZa1E4FNTEdBENbXCEzomcJMMXtrZTdgQJmbHw5G4I/+fJfUtkv+EeFw+uD/Nn5OI4FskW2yS7xyTE5I5fkipQJIw/kibyQV+fReXbenPdR65Qzntkkv+B8fAM5c5lG</latexit>

→XeI = ω(X)IJe
J

Consider the metric covariant derivative 

This is true because the covariant derivative preserves the metric, and thus the space of its orthonormal 1-forms

Then there exists a collection of coefficients
<latexit sha1_base64="qb0ZzR/oEz0nyCImDKZvRgcOqWw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxLxtSy6UVcV7APaGCbTSTt0HmFmUiihf+LGhSJu/RN3/o3TNgttPXDhcM693HtPlDCqjed9O0vLK6tr64WN4ubW9s6uu7ff0DJVmNSxZFK1IqQJo4LUDTWMtBJFEI8YaUaDm4nfHBKlqRSPZpSQgKOeoDHFyFgpdN2O5KSHyq2Tp7tsHN7D0C15FW8KuEj8nJRAjlrofnW6EqecCIMZ0rrte4kJMqQMxYyMi51UkwThAeqRtqUCcaKDbHr5GB5bpQtjqWwJA6fq74kMca1HPLKdHJm+nvcm4n9eOzXxVZBRkaSGCDxbFKcMGgknMcAuVQQbNrIEYUXtrRD3kULY2LCKNgR//uVF0jit+BeV84ezUvU6j6MADsERKAMfXIIquAU1UAcYDMEzeAVvTua8OO/Ox6x1yclnDsAfOJ8/SF2Syw==</latexit>

ω(X)IJ such that

Not difficult to show that is anti-symmetric
<latexit sha1_base64="6TSZW2260bEI4rL6aFkeG47kQSA=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjPiayMU3diuKtgHTMeSSdM2NJkMSUYow4Abf8WNC0Xc+hPu/BvTdgRtPXDh5Jx7yb0niBhV2nG+rLn5hcWl5dxKfnVtfWPT3tquKxFLTGpYMCGbAVKE0ZDUNNWMNCNJEA8YaQSDq5HfuCdSURHe6mFEfI56Ie1SjLSR2vZuS3DSQ3dJuZJewJ+HV674adsuOEVnDDhL3IwUQIZq2/5sdQSOOQk1Zkgpz3Ui7SdIaooZSfOtWJEI4QHqEc/QEHGi/GR8QwoPjNKBXSFNhRqO1d8TCeJKDXlgOjnSfTXtjcT/PC/W3XM/oWEUaxLiyUfdmEEt4CgQ2KGSYM2GhiAsqdkV4j6SCGsTW96E4E6fPEvqR0X3tHhyc1woXWZx5MAe2AeHwAVnoASuQRXUAAYP4Am8gFfr0Xq23qz3Seuclc3sgD+wPr4BdHyXag==</latexit>

ωIJ = ω[IJ]
<latexit sha1_base64="zb1yvhdOKqPxyMyDtxvqO4hljQc=">AAACGnicbVDJSgNBFOyJW4xb1KOXxiDES5gRt2PQi0kuEcwCmST0dF6SJj2L3T2BMMx3ePFXvHhQxJt48W/sLKAmFjQUVfV4/coJOJPKNL+MxNLyyupacj21sbm1vZPe3atKPxQUKtTnvqg7RAJnHlQUUxzqgQDiOhxqzuB67NeGICTzvTs1CqDpkp7HuowSpaV22rJ9F3okWz9uFaK4XcJ2B7girahUjLEN9yEb4p9IVCjG7XTGzJkT4EVizUgGzVBupz/sjk9DFzxFOZGyYZmBakZEKEY5xCk7lBAQOiA9aGjqERdkM5qcFuMjrXRw1xf6eQpP1N8TEXGlHLmOTrpE9eW8Nxb/8xqh6l42I+YFoQKPThd1Q46Vj8c94Q4TQBUfaUKoYPqvmPaJIFTpNlO6BGv+5EVSPclZ57mz29NM/mpWRxIdoEOURRa6QHl0g8qogih6QE/oBb0aj8az8Wa8T6MJYzazj/7A+PwG1/CgJA==</latexit>

ω(X)IKεKJ → ω(X)IJ

Thus, components of an so(n) or so(1,n-1) connection

Then
<latexit sha1_base64="coTxHzKYnLW08SbeSdlD1Guov08="></latexit>

2→[X→Y ]e
I = R(X,Y )eI = (→Xω(Y )IJ ↑→Y ω(X)IJ + ω(X)IKω(Y )KJ ↑ ω(Y )IKω(X)KJ)e

J

Thus, can extract Riemann curvature from the curvature of the connection 
<latexit sha1_base64="iMdwZN9z9raXIoR3CTBkfUfun6M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3qKYB6QXcPsZDYZMrOzzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8SachbThmGG03aiKBYhp61weD3xW09UaSbjBzNKaCBwP2YRI9hYyfeloH38eJuNu3fdcsWtulOgReLlpAI56t3yl9+TJBU0NoRjrTuem5ggw8owwum45KeaJpgMcZ92LI2xoDrIpjeP0ZFVeiiSylZs0FT9PZFhofVIhLZTYDPQ895E/M/rpCa6DDIWJ6mhMZktilKOjESTAFCPKUoMH1mCiWL2VkQGWGFibEwlG4I3//IiaZ5UvfPq2f1ppXaVx1GEAziEY/DgAmpwA3VoAIEEnuEV3pzUeXHenY9Za8HJZ/bhD5zPH/qhkak=</latexit>

ωI
J



Differential forms
The power and the miracle of this formalism is that one can forget about the metric

The connection 
<latexit sha1_base64="iMdwZN9z9raXIoR3CTBkfUfun6M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3qKYB6QXcPsZDYZMrOzzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8SachbThmGG03aiKBYhp61weD3xW09UaSbjBzNKaCBwP2YRI9hYyfeloH38eJuNu3fdcsWtulOgReLlpAI56t3yl9+TJBU0NoRjrTuem5ggw8owwum45KeaJpgMcZ92LI2xoDrIpjeP0ZFVeiiSylZs0FT9PZFhofVIhLZTYDPQ895E/M/rpCa6DDIWJ6mhMZktilKOjESTAFCPKUoMH1mCiWL2VkQGWGFibEwlG4I3//IiaZ5UvfPq2f1ppXaVx1GEAziEY/DgAmpwA3VoAIEEnuEV3pzUeXHenY9Za8HJZ/bhD5zPH/qhkak=</latexit>

ωI
J is completely characterised by the projection of the equation 

<latexit sha1_base64="SbC3khSpHmjOVnWMxDs6RlT86wQ=">AAACGXicbVDLSsNAFJ34rPVVdelmsAiuSiK+NoLoRruqYB/QxDCZ3tbBmUmYmQgl5Dfc+CtuXCjiUlf+jdO0C18HLhzOuZd774kSzrRx3U9nanpmdm6+tFBeXFpeWa2srbd0nCoKTRrzWHUiooEzCU3DDIdOooCIiEM7uj0b+e07UJrF8soMEwgEGUjWZ5QYK4UV15ck4iT0RYrh+iL0ZYqPsR8LGBRill/XszysW7NemGGl6tbcAvgv8SakiiZohJV3vxfTVIA0lBOtu56bmCAjyjDKIS/7qYaE0FsygK6lkgjQQVZ8luNtq/RwP1a2pMGF+n0iI0LroYhspyDmRv/2RuJ/Xjc1/aMgYzJJDUg6XtRPOTYxHsWEe0wBNXxoCaGK2VsxvSGKUGPDLNsQvN8v/yWt3Zp3UNu/3KuenE7iKKFNtIV2kIcO0Qk6Rw3URBTdo0f0jF6cB+fJeXXexq1TzmRmA/2A8/EFg/SgAQ==</latexit>

→µe
I
ω = ωµ

J
Je

J
ω

onto the space of 2-forms
The resulting equation is 

<latexit sha1_base64="yw1Saf3jN3rlLli4oeaQdtamZ2E=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrviqxGCNpoqgnlANgmzszfJkJndZWZWCUtaG3/FxkIRW//Azr9x8ig08cCFwzn3cu89fsyZ0o7zbWUWFpeWV7KrubX1jc0te3unqqJEUqjQiEey7hMFnIVQ0UxzqMcSiPA51Pz+1civ3YNULArv9CCGpiDdkHUYJdpIbRsHGFo3+AJ7kYAuaZXSYbuEvQcIumCcEm7beafgjIHniTsleTRFuW1/eUFEEwGhppwo1XCdWDdTIjWjHIY5L1EQE9onXWgYGhIBqpmOPxniA6MEuBNJU6HGY/X3REqEUgPhm05BdE/NeiPxP6+R6M55M2VhnGgI6WRRJ+FYR3gUCw6YBKr5wBBCJTO3YtojklBtwsuZENzZl+dJ9ajgnhZObo/zxctpHFm0h/bRIXLRGSqia1RGFUTRI3pGr+jNerJerHfrY9KasaYzu+gPrM8fzgSYhQ==</latexit>

deI = ωJ
J → eJ

Number of equations here is the number of unknowns
<latexit sha1_base64="XO1J4EMBdB3PaJKjqp5VDcuEKas=">AAACKnicbVBJSwMxFM641rpVPXoJFqEilBlxuwhVLy4XFWuFTi2ZzJs2NLOQZJQy9Pd48a946UERr/4QM+0U1Pog8C3v8fI+J+JMKtP8MCYmp6ZnZnNz+fmFxaXlwsrqnQxjQaFKQx6Ke4dI4CyAqmKKw30kgPgOh5rTOU392iMIycLgVnUjaPikFTCPUaK01Cwc35Ts0IcW2Xo4T3rNiyMXD/nDRUrx9oim7iW2n8BtwUi7TFuahaJZNgeFx4GVgSLK6qpZ6NtuSGMfAkU5kbJumZFqJEQoRjn08nYsISK0Q1pQ1zAgPshGMji1hze14mIvFPoFCg/UnxMJ8aXs+o7u9Ilqy79eKv7n1WPlHTYSFkSxgoAOF3kxxyrEaW7YZQKo4l0NCBVM/xXTNhGEKp1uXodg/T15HNztlK398t71brFyksWRQ+toA5WQhQ5QBZ2hK1RFFD2jV/SG3o0Xo298GJ/D1gkjm1lDv8r4+gb41KZu</latexit>

R(ω)IJ = dωJ
J + ωI

K → ωK
J

Thus, one can compute the Riemann curvature by working with the soldering 1-forms

The only operations one needs to do is take exterior derivatives, wedge products, and solve linear equations for 
<latexit sha1_base64="iMdwZN9z9raXIoR3CTBkfUfun6M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3qKYB6QXcPsZDYZMrOzzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8SachbThmGG03aiKBYhp61weD3xW09UaSbjBzNKaCBwP2YRI9hYyfeloH38eJuNu3fdcsWtulOgReLlpAI56t3yl9+TJBU0NoRjrTuem5ggw8owwum45KeaJpgMcZ92LI2xoDrIpjeP0ZFVeiiSylZs0FT9PZFhofVIhLZTYDPQ895E/M/rpCa6DDIWJ6mhMZktilKOjESTAFCPKUoMH1mCiWL2VkQGWGFibEwlG4I3//IiaZ5UvfPq2f1ppXaVx1GEAziEY/DgAmpwA3VoAIEEnuEV3pzUeXHenY9Za8HJZ/bhD5zPH/qhkak=</latexit>

ωI
J

One never needs the metric or the Levi-Civita connection in this formalism! 

Even Einstein equations can be written in this language of forms
<latexit sha1_base64="gkVOAjVna2TAsdBq88sN5SZMAlg="></latexit>

ωIJKLRJK → eL = !ωIJKLeJ → ek → eL



Action principle
There is a simple action principle that realises all these ideas - can be called Einstein-Cartan action

<latexit sha1_base64="XleyJhtCDaq1RE0cot/neUlb+zI="></latexit>

S[e,ω] =

∫
εIJKL(RIJ → eK → eL ↑ !

12
eI → eJ → ek → eL)

In this formalism the metric is encoded into the 1-forms
<latexit sha1_base64="vwwyREaI7mrkjMwNWr44a5ADW9A=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx60VtEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNJ1Sax/LBDBP0I9qTPOSMGivd4+Ntp1hyy+4EZJF4M1KCGaqd4le7G7M0QmmYoFq3PDcxfkaV4UzgqNBONSaUDWgPW5ZKGqH2s8mpI3JklS4JY2VLGjJRf09kNNJ6GAW2M6Kmr+e9sfif10pNeOlnXCapQcmmi8JUEBOT8d+kyxUyI4aWUKa4vZWwPlWUGZtOwYbgzb+8SOonZe+8fHZ3WqpczeLIwwEcwjF4cAEVuIEq1IBBD57hFd4c4bw4787HtDXnzGb24Q+czx8U2Y2u</latexit>

eI

No metric appears explicitly!

This formalism is not optional when one wants to couple gravity to spinors



Difficulties
In spite of this beauty, the frame formalism is still difficult to deal with in explicit calculations with GR

especially those that need perturbation theory

This is a first-order formalism, with only first derivatives in the action

Kinetic term is schematically of the form
<latexit sha1_base64="B+x/nUhh+K6EAqP3x4EGMNamAb0=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpypBvI4VXDgWiT6kJqocd9NatZPIdkBV6Kdw4QBCXPkSbvwNTpsDtIy00mhm196dIOFMacf5tkorq2vrG+XNytb2zu6eXd1vqziVFFo05rHsBkQBZxG0NNMcuokEIgIOnWB8k/udB5CKxdG9niTgCzKMWMgo0Ubq21XAXkKkZoRjLxYwJH275tSdGfAycQtSQwWaffvLG8Q0FRBpyolSPddJtJ/lj1IO04qXKkgIHZMh9AyNiADlZ7PVp/jYKAMcxtJUpPFM/T2REaHURASmUxA9UoteLv7n9VIdXvkZi5JUQ0TnH4UpxzrGeQ54wCRQzSeGECqZ2RXTEZGEapNWxYTgLp68TNqndfeifn53VmtcF3GU0SE6QifIRZeogW5RE7UQRY/oGb2iN+vJerHerY95a8kqZg7QH1ifP8KLk7I=</latexit>

eωε

There are 16 components of the soldering form, and 24 components of the connection

The mismatch is too big to be solved by just gauge-fixing

The propagator in this theory is complicated

This is similar to the situation in the metric first-order formalism
<latexit sha1_base64="0MfH8oVuceVJDMvN6ZZcQP/zaBk=">AAACE3icbVDLSgNBEJz1GeMr6tHLYBDEQ9gVX8egBz1GMA/IrqF3MkmGzMwuM7NCWPIPXvwVLx4U8erFm3/jbBJEEwsaiqpuurvCmDNtXPfLmZtfWFxazq3kV9fWNzYLW9s1HSWK0CqJeKQaIWjKmaRVwwynjVhRECGn9bB/mfn1e6o0i+StGcQ0ENCVrMMIGCu1Coe9VuqLxJfJEPsxKMOAY/8KhIAfIx3e+aoXtQpFt+SOgGeJNyFFNEGlVfj02xFJBJWGcNC66bmxCdJsCeF0mPcTTWMgfejSpqUSBNVBOvppiPet0sadSNmSBo/U3xMpCK0HIrSdAkxPT3uZ+J/XTEznPEiZjBNDJRkv6iQcmwhnAeE2U5QYPrAEiGL2Vkx6oIAYG2PehuBNvzxLakcl77R0cnNcLF9M4sihXbSHDpCHzlAZXaMKqiKCHtATekGvzqPz7Lw57+PWOWcys4P+wPn4BnLYnyw=</latexit>

hµωω!µω
ε

10 components of the metric perturbation, 40 components of the Christoffel symbol perturbation

It is this consideration that suggests to look for an even better alternative

Also quest for formalism that would make simplifications of the self-dual sector manifest



Self-duality
There is an exceptional isomorphism that can be leveraged to produce an even more efficient formalism

<latexit sha1_base64="glOLyfEDqeDtoygKOhQWkuWwdfw=">AAACIHicbVDLTsJAFJ36RHxVXbqZSExggy1BcWNCdONOjBaItCHTYYAJ00dmpiak6ae48VfcuNAY3enXOIUuEDzJJGfOuTf33uOGjAppGN/a0vLK6tp6biO/ubW9s6vv7TdFEHFMLBywgLddJAijPrEklYy0Q06Q5zLSckdXqd96JFzQwL+X45A4Hhr4tE8xkkrq6rXY5h68u0mK1RK8gNOflRQrJVtSj4gZ4cT2kBy6bvyQdCtdvWCUjQngIjEzUgAZGl39y+4FOPKILzFDQnRMI5ROjLikmJEkb0eChAiP0IB0FPWRGu7EkwMTeKyUHuwHXD1fwok62xEjT4ix56rKdEcx76Xif14nkv1zJ6Z+GEni4+mgfsSgDGCaFuxRTrBkY0UQ5lTtCvEQcYSlyjSvQjDnT14kzUrZPCuf3lYL9cssjhw4BEegCExQA3VwDRrAAhg8gRfwBt61Z+1V+9A+p6VLWtZzAP5A+/kFIWWhKA==</latexit>

SO(4) = SU(2)→ SU(2)/Z2

A related fact is that the space of 2-forms in 4D splits
<latexit sha1_base64="4rEYc9a+k734NDtQvBSyl9LA6zQ=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0URxJIUXxuh6MaFiwr2AU0sk8mkHTqZhJmJUEL/wI2/4saFIm7duvNvnLZRtPXAwOGcc7lzjxczKpVlfRq5mdm5+YX8YmFpeWV1zVzfqMsoEZjUcMQi0fSQJIxyUlNUMdKMBUGhx0jD610M/cYdEZJG/Eb1Y+KGqMNpQDFSWmqbu86VDvvotgzP4Dffh04Us0T+CAdts2iVrBHgNLEzUgQZqm3zw/EjnISEK8yQlC3bipWbIqEoZmRQcBJJYoR7qENamnIUEummo3sGcEcrPgwioR9XcKT+nkhRKGU/9HQyRKorJ72h+J/XSlRw6qaUx4kiHI8XBQmDKoLDcqBPBcGK9TVBWFD9V4i7SCCsdIUFXYI9efI0qZdL9nHp6PqwWDnP6siDLbAN9oANTkAFXIIqqAEM7sEjeAYvxoPxZLwab+NozshmNsEfGO9fUJea+A==</latexit>

!2 = !+ → !→

In particular, this means that the spin connection splits
<latexit sha1_base64="g8efNl7VVT6bqhyPjoxgsTZMN34=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFEIplRrxthKIblxXsBdqxZNK0Dc1lSDJCGbpx46u4caGIW9/BnW9j2o6grT8EPv5zDifnDyNGtfG8LyczN7+wuJRdzq2srq1vuJtbVS1jhUkFSyZVPUSaMCpIxVDDSD1SBPGQkVrYvxrVa/dEaSrFrRlEJOCoK2iHYmSs1XJ3m5KTLoIXcAJ3BVj4wcOWm/eK3lhwFvwU8iBVueV+NtsSx5wIgxnSuuF7kQkSpAzFjAxzzViTCOE+6pKGRYE40UEyvmII963Thh2p7BMGjt3fEwniWg94aDs5Mj09XRuZ/9UasemcBwkVUWyIwJNFnZhBI+EoEtimimDDBhYQVtT+FeIeUggbG1zOhuBPnzwL1aOif1o8uTnOly7TOLJgB+yBA+CDM1AC16AMKgCDB/AEXsCr8+g8O2/O+6Q146Qz2+CPnI9v+KSW+A==</latexit>

ω = ω+ + ω→

Both 
<latexit sha1_base64="XiTYEqd7kcsZ+pyOMLnirsiOUr4=">AAAB8XicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYBTNj6Ol0kia9DN09QhjyF148KOLVv/Hm39hJ5qCJDwoe71VRVS9OODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrdibChnktYts5y2Ek2xiDltxsObid98otowJe/tKKGRwH3Jeoxg66SHUAnax49hIjqlsl/xp0CLJMhJGXLUOqWvsKtIKqi0hGNj2oGf2CjD2jLC6bgYpoYmmAxxn7YdlVhQE2XTi8fo2Cld1FPalbRoqv6eyLAwZiRi1ymwHZh5byL+57VT27uKMiaT1FJJZot6KUdWocn7qMs0JZaPHMFEM3crIgOsMbEupKILIZh/eZE0TivBReX87qxcvc7jKMAhHMEJBHAJVbiFGtSBgIRneIU3z3gv3rv3MWtd8vKZA/gD7/MHnBSQ5A==</latexit>

ω± are SO(3) connections

These observations lead to a powerful “chiral” formalism for GR that keeps only one of the two halves of the spin connection



Geometry of 2-forms in 4D
Given a 4D Riemannian manifold (M,g), Hodge star defines 

<latexit sha1_base64="AXLfcBbIv1pMJ0pSPrUFqw256TA=">AAACA3icbVDLSgMxFL3js9bXqDvdBIsgLspMERVXRTcuXFSwD+iMJZPJtKGZB0lGKEPBjb/ixoUibv0Jd/6NaTugth4InJxzL8k5XsKZVJb1ZczNLywuLRdWiqtr6xub5tZ2Q8apILROYh6Llocl5SyidcUUp61EUBx6nDa9/uXIb95TIVkc3apBQt0QdyMWMIKVljrm7tE5cq71vI/vKshR8c+tY5assjUGmiV2TkqQo9YxPx0/JmlII0U4lrJtW4lyMywUI5wOi04qaYJJH3dpW9MIh1S62TjDEB1oxUdBLPSJFBqrvzcyHEo5CD09GWLVk9PeSPzPa6cqOHMzFiWpohGZPBSkHOmoo0KQzwQlig80wUQw/VdEelhgonRtRV2CPR15ljQqZfukbN8cl6oXeR0F2IN9OAQbTqEKV1CDOhB4gCd4gVfj0Xg23oz3yeicke/swB8YH99ZipYS</latexit>

⇤ : ⇤2 ! ⇤2 and provides the decomposition
<latexit sha1_base64="UEOau4LZZsWYzbT/WoYb5KXoh6M=">AAACD3icbVDLSgMxFM3UV62vUZdugkURxDJTRN0IRTcuXFSwD+iMJZPJtKGZZEgyQin9Azf+ihsXirh1686/MW1H0eqBwOGcc7m5J0gYVdpxPqzczOzc/EJ+sbC0vLK6Zq9v1JVIJSY1LJiQzQApwignNU01I81EEhQHjDSC3vnIb9wSqajg17qfED9GHU4jipE2Utve9S5NOEQ3ZXgKv/g+9ETCUvUtHLTtolNyxoB/iZuRIshQbdvvXihwGhOuMUNKtVwn0f4ASU0xI8OClyqSINxDHdIylKOYKH8wvmcId4wSwkhI87iGY/XnxADFSvXjwCRjpLtq2huJ/3mtVEcn/oDyJNWE48miKGVQCzgqB4ZUEqxZ3xCEJTV/hbiLJMLaVFgwJbjTJ/8l9XLJPSq5V4fFyllWRx5sgW2wB1xwDCrgAlRBDWBwBx7AE3i27q1H68V6nURzVjazCX7BevsET0+a9A==</latexit>

⇤2 = ⇤+ � ⇤�

Remark: the wedge product metric on        restricted to          is definite
<latexit sha1_base64="+Y2/KC/3OYXJtly2BjRW+KEeUyY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy5cVLAPbMeSyWTa0EwyJBmhDP0LNy4UcevfuPNvTNtZaOuBwOGcc8m9J0g408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0Ho+up336iSjMp7s04oX6MB4JFjGBjpYferY2G+LGG+uWKW3VnQMvEy0kFcjT65a9eKEkaU2EIx1p3PTcxfoaVYYTTSamXappgMsID2rVU4JhqP5ttPEEnVglRJJV9wqCZ+nsiw7HW4ziwyRiboV70puJ/Xjc10aWfMZGkhgoy/yhKOTISTc9HIVOUGD62BBPF7K6IDLHCxNiSSrYEb/HkZdKqVb3zqnd3Vqlf5XUU4QiO4RQ8uIA63EADmkBAwDO8wpujnRfn3fmYRwtOPnMIf+B8/gCQB5Ax</latexit>

⇤2
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+

In the opposite direction, the knowledge of Hodge star is equivalent to the knowledge of the conformal metric [g]

Can encode the Hodge star into a choice of a rank 3 subbundle        of          such that the restriction of the wedge product  
metric to        is definite

<latexit sha1_base64="+Y2/KC/3OYXJtly2BjRW+KEeUyY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy5cVLAPbMeSyWTa0EwyJBmhDP0LNy4UcevfuPNvTNtZaOuBwOGcc8m9J0g408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0Ho+up336iSjMp7s04oX6MB4JFjGBjpYferY2G+LGG+uWKW3VnQMvEy0kFcjT65a9eKEkaU2EIx1p3PTcxfoaVYYTTSamXappgMsID2rVU4JhqP5ttPEEnVglRJJV9wqCZ+nsiw7HW4ziwyRiboV70puJ/Xjc10aWfMZGkhgoy/yhKOTISTc9HIVOUGD62BBPF7K6IDLHCxNiSSrYEb/HkZdKqVb3zqnd3Vqlf5XUU4QiO4RQ8uIA63EADmkBAwDO8wpujnRfn3fmYRwtOPnMIf+B8/gCQB5Ax</latexit>

⇤2
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+

<latexit sha1_base64="oUt+I9eg4OrCLgCf+PX5ml120l4=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgCCUpoi6Lbly4qGAf0MQymUzaoZMHMzdCCV248VfcuFDErR/hzr9x2kbQ1gMDh3PO5c49XiK4Asv6MgpLyyura8X10sbm1vaOubvXUnEqKWvSWMSy4xHFBI9YEzgI1kkkI6EnWNsbXk789j2TisfRLYwS5oakH/GAUwJa6pll51qHfXJ3jB2VeooB/lFqPbNiVa0p8CKxc1JBORo989PxY5qGLAIqiFJd20rAzYgETgUbl5xUsYTQIemzrqYRCZlys+kRY3yoFR8HsdQvAjxVf09kJFRqFHo6GRIYqHlvIv7ndVMIzt2MR0kKLKKzRUEqMMR40gj2uWQUxEgTQiXXf8V0QCShoHsr6RLs+ZMXSatWtU+r9s1JpX6R11FEZXSAjpCNzlAdXaEGaiKKHtATekGvxqPxbLwZ77Nowchn9tEfGB/fWEeXRA==</latexit>

⇤+ ⇢ ⇤2

<latexit sha1_base64="zn40ddKAr4kEboy4qvKQk8Do+LM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoioi6Lbly4qGAf0MQymdy0QycPZiZKCd248VfcuFDErf/gzr9x2gbU1gMDh3PO5c49XsKZVJb1ZRTm5hcWl4rLpZXVtfUNc3OrIeNUUKjTmMei5REJnEVQV0xxaCUCSOhxaHr9i5HfvAMhWRzdqEECbki6EQsYJUpLHXPXudJhn9weYuce/C5g/KN0zLJVscbAs8TOSRnlqHXMT8ePaRpCpCgnUrZtK1FuRoRilMOw5KQSEkL7pAttTSMSgnSz8RVDvK8VHwex0C9SeKz+nshIKOUg9HQyJKonp72R+J/XTlVw5mYsSlIFEZ0sClKOVYxHlWCfCaCKDzQhVDD9V0x7RBCqdHElXYI9ffIsaRxV7JOKfX1crp7ndRTRDtpDB8hGp6iKLlEN1RFFD+gJvaBX49F4Nt6M90m0YOQz2+gPjI9vB2yW/Q==</latexit>

⇤+ ^ ⇤+

such that

definite
<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,

<latexit sha1_base64="ykKg2NSkywlFlC2NkU1FNY3oEG4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK1hbSUDbbTbp0swm7E6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmlldW19o7xZ2dre2d2r7h88mjTXjLdYKlPdCanhUijeQoGSdzLNaRJK3g6HN1O//cS1Eal6wFHGg4TGSkSCUbTSvR8HvWrNrbszkGXiFaQGBZq96le3n7I84QqZpMb4npthMKYaBZN8UunmhmeUDWnMfUsVTbgJxrNTJ+TEKn0SpdqWQjJTf0+MaWLMKAltZ0JxYBa9qfif5+cYXQVjobIcuWLzRVEuCaZk+jfpC80ZypEllGlhbyVsQDVlaNOp2BC8xZeXyeNZ3buoe3fntcZ1EUcZjuAYTsGDS2jALTShBQxieIZXeHOk8+K8Ox/z1pJTzBzCHzifPzBSjb0=</latexit>

[g]

Group coset isomorphism
<latexit sha1_base64="9FOs2oPwMKqkNcGsFXsx973lfQ8=">AAACLXicbVDLSgMxFM3UV62vUZdugkVoQeqMLepGKOrChWBF+4DOUDJppg3NPEgyQhnmh9z4KyK4qIhbf8O0HbBWDwTOPedecu9xQkaFNIyRlllYXFpeya7m1tY3Nrf07Z2GCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTqDy7HffCRc0MB/kMOQ2B7q+dSlGEkldfSr2OIevL9NCuXDcvHopypaknpEzAjwHE6rm6RQmWmtFDt63igZE8C/xExJHqSodfRXqxvgyCO+xAwJ0TaNUNox4pJiRpKcFQkSIjxAPdJW1EdqEzueXJvAA6V0oRtw9XwJJ+rsRIw8IYaeozo9JPti3huL/3ntSLpndkz9MJLEx9OP3IhBGcBxdLBLOcGSDRVBmFO1K8R9xBGWKuCcCsGcP/kvaRyXzJOSeVfJVy/SOLJgD+yDAjDBKaiCa1ADdYDBE3gBI/CuPWtv2of2OW3NaOnMLvgF7esbMNWkbQ==</latexit>

SO(3, 3)/SO(3)⇥ SO(3) = SL(4)/SO(4)

Explicitly
<latexit sha1_base64="3/12N/0qhSMv3lSFIuyqHMW38Zc="></latexit>

g(X,Y ) ⇠ iXB1 ^ iY B
2 ^B3, B1,2,3 2 ⇤+

Can be checked that 
<latexit sha1_base64="r0DCQ6xFUDr7o1dapni+aU7q5LI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KGW3inos9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1RpVkk7804pr7AA8lCRrCx0kPtMfVKldL5pFcoumV3BrRMvIwUIUO9V/jq9iOSCCoN4VjrjufGxk+xMoxwOsl3E01jTEZ4QDuWSiyo9tPZwRN0apU+CiNlSxo0U39PpFhoPRaB7RTYDPWiNxX/8zqJCa/9lMk4MVSS+aIw4chEaPo96jNFieFjSzBRzN6KyBArTIzNKG9D8BZfXibNStm7LHt3F8VqLYsjB8dwAmfgwRVU4Rbq0AACAp7hFd4c5bw4787HvHXFyWaO4A+czx83Vo9g</latexit>

B1,2,3 are self-dual with respect to this metric



Encoding a metric into 2-forms
Starting with a metric, we can consider the principal SO(3) bundle of orthonormal frames for 

<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+

Every such frame can be viewed as a map
<latexit sha1_base64="2iuJxTfl+5fPXC1XPkamsiwak2c=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEEoSQqKq6Kbly4qI8+oEnLZDJph04mYWYilNC9G3/FjQtF3PoD7vwbJ20W2npg4HDOvXfuPV7MqFSW9W3MzS8sLi0XVoqra+sbm+bWdkNGicCkjiMWiZaHJGGUk7qiipFWLAgKPUaa3uAy85sPREga8Xs1jIkboh6nAcVIaalrlpw72gvROXRCpPqel96OOkfQURF0rvUUH3UOumbZqlhjwFli56QMctS65pfjRzgJCVeYISnbthUrN0VCUczIqOgkksQID1CPtDXlKCTSTce3jOCeVnwYREI/ruBY/d2RolDKYejpymxjOe1l4n9eO1HBmZtSHieKcDz5KEgY1KdmwUCfCoIVG2qCsKB6V4j7SCCsdHxFHYI9ffIsaRxW7JOKfXNcrl7kcRTALiiBfWCDU1AFV6AG6gCDR/AMXsGb8WS8GO/Gx6R0zsh7dsAfGJ8/VPmZ9g==</latexit>

⌃ : R3 ! ⇤+

The new feature is that being orthonormal and self-dual they necessarily satisfy the property that 

the pull-back of the wedge product metric on 
<latexit sha1_base64="+Y2/KC/3OYXJtly2BjRW+KEeUyY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy5cVLAPbMeSyWTa0EwyJBmhDP0LNy4UcevfuPNvTNtZaOuBwOGcc8m9J0g408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0Ho+up336iSjMp7s04oX6MB4JFjGBjpYferY2G+LGG+uWKW3VnQMvEy0kFcjT65a9eKEkaU2EIx1p3PTcxfoaVYYTTSamXappgMsID2rVU4JhqP5ttPEEnVglRJJV9wqCZ+nsiw7HW4ziwyRiboV70puJ/Xjc10aWfMZGkhgoy/yhKOTISTc9HIVOUGD62BBPF7K6IDLHCxNiSSrYEb/HkZdKqVb3zqnd3Vqlf5XUU4QiO4RQ8uIA63EADmkBAwDO8wpujnRfn3fmYRwtOPnMIf+B8/gCQB5Ax</latexit>

⇤2

coincides with the metric on 
<latexit sha1_base64="P6GeK7dgsL67F3fl1Rri/NuATaE=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZU1GXRjcsq9gHtWDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy0eiBwOOde7snxY8G1cZwvVFhaXlldK66XNja3tnfKu3tNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj68xvjZnSPJL3ZhIzLyQDyQNOibGS1w2JGfp+ejd9OMW9csWpOjPgv8TNSQVy1Hvlz24/oknIpKGCaN1xndh4KVGGU8GmpW6iWUzoiAxYx1JJQqa9dBZ6io+s0sdBpOyTBs/UnxspCbWehL6dzELqRS8T//M6iQkuvZTLODFM0vmhIBHYRDhrAPe5YtSIiSWEKm6zYjokilBjeyrZEtzFL/8lzZOqe151b88qtau8jiIcwCEcgwsXUIMbqEMDKDzCE7zAKxqjZ/SG3uejBZTv7MMvoI9vR8yRxw==</latexit>

R3

In a basis we can write this as 

<latexit sha1_base64="816wTAZ9pW3qiQwv+Dl/isaI0Hk=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwFjBwlgEfUhNWznObevWTiLbAVVRv4GFX2FhACFWJjb+BrfNAC1HutLxOffK9x4/5kxpx/m2FhaXlldWc2v59Y3NrW17Z7eqokRSqNCIR7LuEwWchVDRTHOoxxKI8DnU/MHV2K/dg1QsCu/0MIamIN2QdRgl2kht+9i7ZV1BWgx7DxB0AWfvPvYUE9gLgGvSSll/1LYLTtGZAM8TNyMFlKHctr+8IKKJgFBTTpRquE6smymRmlEOo7yXKIgJHZAuNAwNiQDVTCcnjfChUQLciaSpUOOJ+nsiJUKpofBNpyC6p2a9sfif10h056KZsjBONIR0+lEn4VhHeJwPDpgEqvnQEEIlM7ti2iOSUG1SzJsQ3NmT50n1pOieFd2b00LpMosjh/bRATpCLjpHJXSNyqiCKHpEz+gVvVlP1ov1bn1MWxesbGYP/YH1+QPHbp2Q</latexit>

⌃i ^ ⌃j ⇠ �ij

We can now give a description of 4D Riemannian geometry “locally modelled” on this picture

We start with a rank 3 vector bundle  
<latexit sha1_base64="LqYUfq+gNG0CglILIu6G9Tu8uhQ=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdVkUwY1QwT6gHUomzbSxeQxJRihD/8GNC0Xc+j/u/BvTdhbaeiBwOOdecs+JEs6M9f1vb2l5ZXVtvbBR3Nza3tkt7e03jEo1oXWiuNKtCBvKmaR1yyynrURTLCJOm9HweuI3n6g2TMkHO0poKHBfspgRbJ3UuOlYhe66pbJf8adAiyTISRly1Lqlr05PkVRQaQnHxrQDP7FhhrVlhNNxsZMammAyxH3adlRiQU2YTa8do2On9FCstHvSoqn6eyPDwpiRiNykwHZg5r2J+J/XTm18GWZMJqmlksw+ilOOXMRJdNRjmhLLR45gopm7FZEB1phYV1DRlRDMR14kjdNKcF4J7s/K1au8jgIcwhGcQAAXUIVbqEEdCDzCM7zCm6e8F+/d+5iNLnn5zgH8gff5A+Ftjq0=</latexit>

E ! M

This 2-frame gives rise to an 
<latexit sha1_base64="P6GeK7dgsL67F3fl1Rri/NuATaE=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZU1GXRjcsq9gHtWDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy0eiBwOOde7snxY8G1cZwvVFhaXlldK66XNja3tnfKu3tNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj68xvjZnSPJL3ZhIzLyQDyQNOibGS1w2JGfp+ejd9OMW9csWpOjPgv8TNSQVy1Hvlz24/oknIpKGCaN1xndh4KVGGU8GmpW6iWUzoiAxYx1JJQqa9dBZ6io+s0sdBpOyTBs/UnxspCbWehL6dzELqRS8T//M6iQkuvZTLODFM0vmhIBHYRDhrAPe5YtSIiSWEKm6zYjokilBjeyrZEtzFL/8lzZOqe151b88qtau8jiIcwCEcgwsXUIMbqEMDKDzCE7zAKxqjZ/SG3uejBZTv7MMvoI9vR8yRxw==</latexit>

R3 -valued  2-form, section of the associated bundle

with fibre metric 
<latexit sha1_base64="uSV6WvxstmeJPjEep3mVpzrqo3Q=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQn+HFgyJe/TXe/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0ErdXsQEkn7OHyf9StWreTO4y8QvSBUKNPqVr16kaJYwiVQQY7q+l2KQE42cCjYp9zLDUkJHZMC6lkqSMBPks5Mn7qlVIjdW2pZEd6b+nshJYsw4CW1nQnBoFr2p+J/XzTC+DnIu0wyZpPNFcSZcVO70fzfimlEUY0sI1dze6tIh0YSiTalsQ/AXX14mrfOaf1nz7y+q9ZsijhIcwwmcgQ9XUIc7aEATKCh4hld4c9B5cd6dj3nrilPMHMEfOJ8/pEmRfg==</latexit>

�ij and of the same topological type as 
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+

We choose a 2-frame  
<latexit sha1_base64="K23YiuavTYK1PqUFChnrZ7/x+Bg=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTRMVVUQQXLiraB3TGkslk2tAkMyQZoYxd+CtuXCji1t9w59+YtrPQ1gOBwzn3kHtPkDCqtON8W3PzC4tLy4WV4ura+samvbXdUHEqManjmMWyFSBFGBWkrqlmpJVIgnjASDPoX4z85gORisbiTg8S4nPUFTSiGGkjdexd75Z2OTqDl56OoXdtkiG6r3TsklN2xoCzxM1JCeSodewvL4xxyonQmCGl2q6TaD9DUlPMyLDopYokCPdRl7QNFYgT5Wfj/YfwwCghjGJpntBwrP5OZIgrNeCBmeRI99S0NxL/89qpjk79jIok1UTgyUdRyqA5dVQGDKkkWLOBIQhLanaFuIckwtpUVjQluNMnz5JGpewel92bo1L1PK+jAPbAPjgELjgBVXAFaqAOMHgEz+AVvFlP1ov1bn1MRuesPLMD/sD6/AFU7pUF</latexit>

⌃ : E ! ⇤2 which satisfies the property that the pull-back of the wedge product metric on 
<latexit sha1_base64="+Y2/KC/3OYXJtly2BjRW+KEeUyY=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy5cVLAPbMeSyWTa0EwyJBmhDP0LNy4UcevfuPNvTNtZaOuBwOGcc8m9J0g408Z1v53Cyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOgHWlDNBm4YZTjuJojgOOG0Ho+up336iSjMp7s04oX6MB4JFjGBjpYferY2G+LGG+uWKW3VnQMvEy0kFcjT65a9eKEkaU2EIx1p3PTcxfoaVYYTTSamXappgMsID2rVU4JhqP5ttPEEnVglRJJV9wqCZ+nsiw7HW4ziwyRiboV70puJ/Xjc10aWfMZGkhgoy/yhKOTISTc9HIVOUGD62BBPF7K6IDLHCxNiSSrYEb/HkZdKqVb3zqnd3Vqlf5XUU4QiO4RQ8uIA63EADmkBAwDO8wpujnRfn3fmYRwtOPnMIf+B8/gCQB5Ax</latexit>

⇤2 i.e., in a basis

<latexit sha1_base64="816wTAZ9pW3qiQwv+Dl/isaI0Hk=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwFjBwlgEfUhNWznObevWTiLbAVVRv4GFX2FhACFWJjb+BrfNAC1HutLxOffK9x4/5kxpx/m2FhaXlldWc2v59Y3NrW17Z7eqokRSqNCIR7LuEwWchVDRTHOoxxKI8DnU/MHV2K/dg1QsCu/0MIamIN2QdRgl2kht+9i7ZV1BWgx7DxB0AWfvPvYUE9gLgGvSSll/1LYLTtGZAM8TNyMFlKHctr+8IKKJgFBTTpRquE6smymRmlEOo7yXKIgJHZAuNAwNiQDVTCcnjfChUQLciaSpUOOJ+nsiJUKpofBNpyC6p2a9sfif10h056KZsjBONIR0+lEn4VhHeJwPDpgEqvnQEEIlM7ti2iOSUG1SzJsQ3NmT50n1pOieFd2b00LpMosjh/bRATpCLjpHJXSNyqiCKHpEz+gVvVlP1ov1bn1MWxesbGYP/YH1+QPHbp2Q</latexit>

⌃i ^ ⌃j ⇠ �ij

coincides with the metric on 
<latexit sha1_base64="P6GeK7dgsL67F3fl1Rri/NuATaE=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZU1GXRjcsq9gHtWDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy0eiBwOOde7snxY8G1cZwvVFhaXlldK66XNja3tnfKu3tNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj68xvjZnSPJL3ZhIzLyQDyQNOibGS1w2JGfp+ejd9OMW9csWpOjPgv8TNSQVy1Hvlz24/oknIpKGCaN1xndh4KVGGU8GmpW6iWUzoiAxYx1JJQqa9dBZ6io+s0sdBpOyTBs/UnxspCbWehL6dzELqRS8T//M6iQkuvZTLODFM0vmhIBHYRDhrAPe5YtSIiSWEKm6zYjokilBjeyrZEtzFL/8lzZOqe151b88qtau8jiIcwCEcgwsXUIMbqEMDKDzCE7zAKxqjZ/SG3uejBZTv7MMvoI9vR8yRxw==</latexit>

R3

Such a 2-frame encodes the metric

18 functions in a triple of 2-forms, minus 5 algebraic constraints = 18-5=13 =10+3

As with usual frames, these 2-forms 
do not need to be globally defined, 

they are bundle-valued objects



Representation theory
Given such a 2-frame structure 

<latexit sha1_base64="K23YiuavTYK1PqUFChnrZ7/x+Bg=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTRMVVUQQXLiraB3TGkslk2tAkMyQZoYxd+CtuXCji1t9w59+YtrPQ1gOBwzn3kHtPkDCqtON8W3PzC4tLy4WV4ura+samvbXdUHEqManjmMWyFSBFGBWkrqlmpJVIgnjASDPoX4z85gORisbiTg8S4nPUFTSiGGkjdexd75Z2OTqDl56OoXdtkiG6r3TsklN2xoCzxM1JCeSodewvL4xxyonQmCGl2q6TaD9DUlPMyLDopYokCPdRl7QNFYgT5Wfj/YfwwCghjGJpntBwrP5OZIgrNeCBmeRI99S0NxL/89qpjk79jIok1UTgyUdRyqA5dVQGDKkkWLOBIQhLanaFuIckwtpUVjQluNMnz5JGpewel92bo1L1PK+jAPbAPjgELjgBVXAFaqAOMHgEz+AVvFlP1ov1bn1MRuesPLMD/sD6/AFU7pUF</latexit>

⌃ : E ! ⇤2 possible geometric objects are controlled by the
<latexit sha1_base64="xTm1ywp6uxu/PZS2BQe6rRj058w=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VoNzUpRUUQim7cWdG0xSaUyXTaDp08mJkIJeRf3PgrblwoxY0L/8VJm0VtPTBw5px7ufceN2RUSMP41nIrq2vrG/nNwtb2zu6evn/QFEHEMbFwwALedpEgjPrEklQy0g45QZ7LSMsd3aR+65lwQQP/UY5D4nho4NM+xUgqqatfxjb34MNdUqqV4RWc/aykVC3bknpEzCun0PaQHLpu/JR0q7CrF42KMQVcJmZGiiBDo6tP7F6AI4/4EjMkRMc0QunEiEuKGUkKdiRIiPAIDUhHUR+p+U48vTGBJ0rpwX7A1fMlnKrzHTHyhBh7rqpMlxSLXir+53Ui2b9wYuqHkSQ+ng3qRwzKAKaBwR7lBEs2VgRhTtWuEA8RR1iqWAsqBHPx5GXSrFbMs4p5XyvWr7M48uAIHIMSMME5qINb0AAWwOAFvIEP8Km9au/aRPualea0rOcQ/IH28wtQv6Gi</latexit>

SO(4) = SU(2)⇥ SU(2)/Z2 representation theory

One of the two SU(2)’s does not act on 
<latexit sha1_base64="QMXeQJ3SopvB3utKwNuXfczHLrk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrB3Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bVePCQ==</latexit>

⌃

The other SU(2) acts as SO(3) on 
<latexit sha1_base64="qJ1pDr8ewPhnSRPX46hIe0w3s44=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGRF0W3bhwUcE+pB1LJpNpQ5PMkGSEMvQr3LhQxK2f486/MW1noa0HAodzziX3niDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6njVBHaIDGPVTvAmnImacMww2k7URSLgNNWMLye+K0nqjSL5b0ZJdQXuC9ZxAg2Vnro3tpoiB9PeuWKW3WnQIvEy0kFctR75a9uGJNUUGkIx1p3PDcxfoaVYYTTcambappgMsR92rFUYkG1n00XHqMjq4QoipV90qCp+nsiw0LrkQhsUmAz0PPeRPzP66QmuvQzJpPUUElmH0UpRyZGk+tRyBQlho8swUQxuysiA6wwMbajki3Bmz95kTRPq9551bs7q9Su8jqKcACHcAweXEANbqAODSAg4Ble4c1Rzovz7nzMogUnn9mHP3A+fwAsypAA</latexit>

⇤+ in such a way that 
<latexit sha1_base64="ALRoWBLwGEoEB9Jcu8V6hSXIHIM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCIJQZERVXRRFcuKhoH9AZSyaTaUOTzJBkhDJ24a+4caGIW3/DnX9j2s5CWw8EDufcQ+49QcKo0o7zbc3Mzs0vLBaWissrq2vr9sZmXcWpxKSGYxbLZoAUYVSQmqaakWYiCeIBI42gdzH0Gw9EKhqLO91PiM9RR9CIYqSN1La3vVva4egMXno6ht61SYbo/qBtl5yyMwKcJm5OSiBHtW1/eWGMU06Exgwp1XKdRPsZkppiRgZFL1UkQbiHOqRlqECcKD8b7T+Ae0YJYRRL84SGI/V3IkNcqT4PzCRHuqsmvaH4n9dKdXTqZ1QkqSYCjz+KUgbNqcMyYEglwZr1DUFYUrMrxF0kEdamsqIpwZ08eZrUD8vucdm9OSpVzvM6CmAH7IJ94IITUAFXoApqAINH8AxewZv1ZL1Y79bHeHTGyjNb4A+szx9KUpT+</latexit>

⌃ : E ! ⇤+ is SO(3) equivariant

All representation theory is controlled by the basic fact that, using the metric defined by  
<latexit sha1_base64="QMXeQJ3SopvB3utKwNuXfczHLrk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrB3Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bVePCQ==</latexit>

⌃

can “raise” the index of the triple of 2-forms to convert them into a triple of endomorphisms 
<latexit sha1_base64="mxSyJhQUZGR/racam4qPvwyPaJk=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMiLosiuBGqNgXdMaSyaRtaJIZkoxQhoIbf8WNC0Xc+hPu/BvTdhbaeuDC4Zx7ufeeIGZUacf5tnILi0vLK/nVwtr6xuaWvb3TUFEiManjiEWyFSBFGBWkrqlmpBVLgnjASDMYXI795gORikaipocx8TnqCdqlGGkjdew97472OLqn0KMCpp7k8EqEo1Lt5qhjF52yMwGcJ25GiiBDtWN/eWGEE06Exgwp1XadWPspkppiRkYFL1EkRniAeqRtqECcKD+d/DCCh0YJYTeSpoSGE/X3RIq4UkMemE6OdF/NemPxP6+d6O65n1IRJ5oIPF3UTRjUERwHAkMqCdZsaAjCkppbIe4jibA2sRVMCO7sy/OkcVx2T8vu7UmxcpHFkQf74ACUgAvOQAVcgyqoAwwewTN4BW/Wk/VivVsf09aclc3sgj+wPn8ANXeWmA==</latexit>

⌃i 2 End(TM)

The resulting endomorphisms satisfy the algebra of imaginary quaternions

<latexit sha1_base64="6g803paWPZDS4SAgMLVuVSCeawQ="></latexit>

⌃i
µ
↵⌃j

↵
⌫ = ��ij�µ

⌫ + ✏ijk⌃k
µ
⌫



Decomposition of the space of forms
The natural geometric objects in this approach to geometry are E-valued differential forms

We need to understand these objects, and also relate them to more standard tensors

This is all controlled by the simple representation theory of SU(2) x SU(2)

Let us denote the irreducible representations of SU(2) x SU(2) by
<latexit sha1_base64="XpoTsTeeIHKqXj4D2njG7pIJqUw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2g9o15JNs21okg1JVihLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLRzdRvPVFtWCIf7FjRUOCBZDEj2Dqpdd/rKvE46pUrftWfAS2TICcVyFHvlb+6/YSkgkpLODamE/jKhhnWlhFOJ6VuaqjCZIQHtOOoxIKaMJudO0EnTumjONGupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CrMmFSppZLMF8UpRzZB099Rn2lKLB87golm7lZEhlhjYl1CJRdCsPjyMmmeVYOLanB3Xqld53EU4QiO4RQCuIQa3EIdGkBgBM/wCm+e8l68d+9j3lrw8plD+APv8wcwp496</latexit>

Sk
±

With the convention that the irreps of the SU(2) that does not act on 
<latexit sha1_base64="QMXeQJ3SopvB3utKwNuXfczHLrk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrB3Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bVePCQ==</latexit>

⌃ are denoted as 
<latexit sha1_base64="unwhQzCex4yS+TXtl31+IQFIyJE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWNF0xbaWDbbabt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTATXxnW/naXlldW19cJGcXNre2e3tLdf13GqGPosFrFqhlSj4BJ9w43AZqKQRqHARji8mfiNJ1Sax/LBjBIMItqXvMcZNVby7zunj8NOqexW3CnIIvFyUoYctU7pq92NWRqhNExQrVuem5ggo8pwJnBcbKcaE8qGtI8tSyWNUAfZ9NgxObZKl/RiZUsaMlV/T2Q00noUhbYzomag572J+J/XSk3vKsi4TFKDks0W9VJBTEwmn5MuV8iMGFlCmeL2VsIGVFFmbD5FG4I3//IiqZ9VvIuKd3derl7ncRTgEI7gBDy4hCrcQg18YMDhGV7hzZHOi/PufMxal5x85gD+wPn8AUvbjlo=</latexit>

Sk
�

<latexit sha1_base64="vxJYaUZZlvYfr1xgjfdCnVb8b6Q=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRKkJJiqgXoejFY0X7AW0sm+22XbKbhN2NUELBv+LFgyJe/R3e/Ddu2xy0+mDg8d4MM/P8mDOlHefLyi0sLi2v5FcLa+sbm1v29k5DRYkktE4iHsmWjxXlLKR1zTSnrVhSLHxOm35wNfGbD1QqFoV3ehRTT+BByPqMYG2krr2XdqRAPSbGpdv74AhdoEpw7HbtolN2pkB/iZuRImSode3PTi8iiaChJhwr1XadWHsplpoRTseFTqJojEmAB7RtaIgFVV46PX+MDo3SQ/1Imgo1mqo/J1IslBoJ33QKrIdq3puI/3ntRPfPvZSFcaJpSGaL+glHOkKTLMzbkhLNR4ZgIpm5FZEhlphok1jBhODOv/yXNCpl97Ts3pwUq5dZHHnYhwMogQtnUIVrqEEdCKTwBC/waj1az9ab9T5rzVnZzC78gvXxDZoCk/M=</latexit>

dim(Sk) = 2k + 1

Then we have the following standard facts 
<latexit sha1_base64="KLYCrlS+Lno4ytAmHl2OXxi9k98=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBEMuMiLoRim5cuKhoH9AZh0wmbUMzyZBkhDIU3Pgrblwo4tafcOffmLaz0OqBwOGcc7m5J0wYVdpxvqzCzOzc/EJxsbS0vLK6Zq9vNJRIJSZ1LJiQrRApwigndU01I61EEhSHjDTD/sXIb94Tqajgt3qQED9GXU47FCNtpMDe8q5MOEJ3LjyDN8G+JzSNiTL0ILDLTsUZA/4lbk7KIEctsD+9SOA0JlxjhpRqu06i/QxJTTEjw5KXKpIg3Edd0jaUI7PIz8Y3DOGuUSLYEdI8ruFY/TmRoVipQRyaZIx0T017I/E/r53qzqmfUZ6kmnA8WdRJGdQCjgqBEZUEazYwBGFJzV8h7iGJsDa1lUwJ7vTJf0njsOIeV9zro3L1PK+jCLbBDtgDLjgBVXAJaqAOMHgAT+AFvFqP1rP1Zr1PogUrn9kEv2B9fAOAZpYn</latexit>

⇤1 = S+ ⌦ S�
<latexit sha1_base64="LXNLVvw/pwVxy3KGasrz5tmfLU4=">AAAB+nicbVDLSgMxFL3js9bXVJdugkUQCmWmiLoRim5cuKhoH9BOh0wm04ZmHiQZpdR+ihsXirj1S9z5N6btLLT1QOBwzrncm+MlnEllWd/G0vLK6tp6biO/ubW9s2sW9hoyTgWhdRLzWLQ8LClnEa0rpjhtJYLi0OO06Q2uJn7zgQrJ4uheDRPqhLgXsYARrLTkmoXOjQ77uFtCF+jOLXUrrlm0ytYUaJHYGSlChpprfnX8mKQhjRThWMq2bSXKGWGhGOF0nO+kkiaYDHCPtjWNcEilM5qePkZHWvFREAv9IoWm6u+JEQ6lHIaeToZY9eW8NxH/89qpCs6dEYuSVNGIzBYFKUcqRpMekM8EJYoPNcFEMH0rIn0sMFG6rbwuwZ7/8iJpVMr2adm+PSlWL7M6cnAAh3AMNpxBFa6hBnUg8AjP8ApvxpPxYrwbH7PokpHN7MMfGJ8/0rSSaw==</latexit>

⇤+ = S2
+

Because 
<latexit sha1_base64="Mx2BxQSMobi2eJFfZlRovnNJUXg=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEEoSQi6rIoggsXFewDmlgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM593DvnCDlTGnH+baWlldW19ZLG+XNre2dXXtvv6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHAz8VtDKhVLxKMepdSPcU+wiBGsjdS17VtPsRh59yYS4qdT1LUrTtWZAi0StyAVKFDv2l9emJAspkITjpXquE6q/RxLzQin47KXKZpiMsA92jFU4JgqP59ePkbHRglRlEjzhEZT9Xcix7FSozgwkzHWfTXvTcT/vE6moys/ZyLNNBVktijKONIJmtSAQiYp0XxkCCaSmVsR6WOJiTZllU0J7vyXF0nzrOpeVN2H80rtuqijBIdwBCfgwiXU4A7q0AACQ3iGV3izcuvFerc+ZqNLVpE5gD+wPn8ADFKSoQ==</latexit>

E ⇠ ⇤+ we have
<latexit sha1_base64="FycLbKOKaWlOWLqoDRpvh1QW/pY="></latexit>

E ⌦ ⇤1 = S2
+ ⌦ S+ ⌦ S� = (S3

+ ⌦ S�)� (S+ ⌦ S�)

<latexit sha1_base64="EdcHKD1GPBAQ7YhjCZx3ole1z/k="></latexit>

E ⌦ ⇤2 = S2
+ ⌦ (S2

+ � S2
�) = S4

+ � S2
+ � ⇤0 � S2

+ ⌦ S2
�



Explicit description of the subspaces
An explicit description of the invariant subspaces in the spaces of E-valued forms arises from two operators

<latexit sha1_base64="W3zdFej/T1henlzINKUjENjVIHg=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwVSciKq6KIoi4qGAf0BmHTCbThmYmQ5IRytDPcOOvuHGhiNvu/BvTx0JrDwQO59zLzTlBypnSjvNtFRYWl5ZXiqultfWNzS17e6ehRCYJrRPBhWwFWFHOElrXTHPaSiXFccBpM+hdjfzmE5WKieRB91PqxbiTsIgRrI3k20e3PrqA167QLKYKundmNcSPCLpazJN9u+xUnDHgf4KmpAymqPn20A0FyWKaaMKxUm3kpNrLsdSMcDoouZmiKSY93KFtQxNs7nn5ONgAHhglhJGQ5iUajtXfGzmOlerHgZmMse6qWW8kzvPamY7OvZwlaaZpQiaHooxDE3rUEgyZpETzviGYSGb+CkkXS0y06bJkSkCzkf+TxnEFnVbQ/Um5ejmtowj2wD44BAicgSq4ATVQBwQ8g1fwDj6sF+vN+rS+JqMFa7qzC/7AGv4AtyWeVg==</latexit>

J1 : E ⌦ ⇤1 ! E ⌦ ⇤1
<latexit sha1_base64="sVQR9AnoTa954vlE4Yl6u6Q00nY="></latexit>

J1(A)iµ = ✏ijk⌃j
µ
↵Ak

↵

<latexit sha1_base64="aNu4lg1NOSs4JgMqY2Vs3/u5+2A=">AAACAnicbVDLSsNAFL3xWesr6krcDBZBEEpSRN0IRTfqqoJ9QBvDZDpph04ezEyEEoobf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufceL+ZMKsv6NubmFxaXlgsrxdW19Y1Nc2u7IaNEEFonEY9Ey8OSchbSumKK01YsKA48Tpve4DLzmw9USBaFd2oYUyfAvZD5jGClJdfcvXHt+wo6R5VOgFXf89LrETpCWnXNklW2xkCzxM5JCXLUXPOr041IEtBQEY6lbNtWrJwUC8UIp6NiJ5E0xmSAe7StaYgDKp10/MIIHWili/xI6AoVGqu/J1IcSDkMPN2Z3SmnvUz8z2snyj9zUhbGiaIhmSzyE45UhLI8UJcJShQfaoKJYPpWRPpYYKJ0akUdgj398ixpVMr2Sdm+PS5VL/I4CrAH+3AINpxCFa6gBnUg8AjP8ApvxpPxYrwbH5PWOSOf2YE/MD5/ALbZlRQ=</latexit>

J2
1 = 2I+ J1

Eigenvalues  2, -1

Eigenspace of eigenvalue 2 spanned by
<latexit sha1_base64="eYiJTolhG0XFaZPTwsrOxkY26tw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQi6rLoxmVF+4AmDTfTaTt0JgkzE6GErtz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+8JE86Udpxvq7C0vLK6VlwvbWxube/Yu3sNFaeS0DqJeSxbISjKWUTrmmlOW4mkIEJOm+HweuI3H6hULI7u9SihvoB+xHqMgDZSYB+2Oh7wZADYu2N9AUE2e3oiHXdYYJedijMFXiRuTsooRy2wv7xuTFJBI004KNV2nUT7GUjNCKfjkpcqmgAZQp+2DY1AUOVn0zPG+NgoXdyLpalI46n6eyIDodRIhKZTgB6oeW8i/ue1U9279DMWJammEZl91Es51jGeZIK7TFKi+cgQIJKZXTEZgASiTXIlE4I7f/IiaZxW3POKe3tWrl7lcRTRATpCJ8hFF6iKblAN1RFBj+gZvaI368l6sd6tj1lrwcpn9tEfWJ8/YxyZFg==</latexit>

X↵⌃i
↵µ

<latexit sha1_base64="g9RYpEDtyE1NnCJBjwvaro4m+fU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwVZMiKq6KIoi4qGAf0MQwmUzaoZNJmJkIJfQz3Pgrblwo4rY7/8Zpm4W2PTBwOOde7pzjJ4xKZVk/RmFpeWV1rbhe2tjc2t4xd/eaMk4FJg0cs1i0fSQJo5w0FFWMtBNBUOQz0vL712O/9UyEpDF/VIOEuBHqchpSjJSWPPPkzqtewhsnVjQiEjr3ejVAT1XoqHiR7Jllq2JNAOeJnZMyyFH3zJETxDiNCFeYISk7tpUoN0NCUczIsOSkkiQI91GXdDTlSN9zs0mwITzSSgDDWOjHFZyofzcyFEk5iHw9GSHVk7PeWFzkdVIVXrgZ5UmqCMfTQ2HKoA49bgkGVBCs2EAThAXVf4W4hwTCSndZ0iXYs5HnSbNasc8q9sNpuXaV11EEB+AQHAMbnIMauAV10AAYvIA38AE+jVfj3fgyvqejBSPf2Qf/YIx+Abv2nlk=</latexit>

J2 : E ⌦ ⇤2 ! E ⌦ ⇤2
<latexit sha1_base64="gVmjNqgkReGtefRCTSJ7GAgdEjQ="></latexit>

J2(B)iµ⌫ = ✏ijk⌃j
[µ

↵Bk
|↵|⌫]

<latexit sha1_base64="1IxqqWtP/xA4EH2otxaPKGzDAA8=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQIi2TIupGKLoRVxXsA9phyKSZNjTzIMkIpXTnxl9x40IRt/6CO//GzHQW2nrgksM593JzjxtxJpVlfRu5peWV1bX8emFjc2t7x9zda8kwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O7pO/PYDFZKFwb0aR9T28SBgHiNYackxD2+dWkkXrMBaOSEVlD4nqAwvoeWYRatqpYCLBGWkCDI0HPOr1w9J7NNAEY6l7CIrUvYEC8UIp9NCL5Y0wmSEB7SraYB9Ku1JescUHmulD71Q6AoUTNXfExPsSzn2Xd3pYzWU814i/ud1Y+Vd2BMWRLGiAZkt8mIOVQiTUGCfCUoUH2uCiWD6r5AMscBE6egKOgQ0f/IiadWq6KyK7k6L9assjjw4AEegBBA4B3VwAxqgCQh4BM/gFbwZT8aL8W58zFpzRjazD/7A+PwB8QSUQg==</latexit>

J2(J2 � 2)(J2 � 1)(J2 + 1) = 0

Explicit parametrisation of eigenspaces
<latexit sha1_base64="SNpq26VpwFeO8cbfvB0owUQ+H8w=">AAACFnicbVBJSwMxGM3UrdZt1KOXYBHqwTJT3I5FETx4qGgX6ExLJpNp02YyQ5IRytBf4cW/4sWDIl7Fm//GdDlo64PA471vyfe8mFGpLOvbyCwsLi2vZFdza+sbm1vm9k5NRonApIojFomGhyRhlJOqooqRRiwICj1G6l7/cuTXH4iQNOL3ahATN0QdTgOKkdJS2zxyKpK2UtobQueOdkLU6kGHcli4ciJFQyKhc6On+ahVOmyftM28VbTGgPPEnpI8mKLSNr8cP8JJSLjCDEnZtK1YuSkSimJGhjknkSRGuI86pKkpR3qjm47PGsIDrfgwiIR+XMGx+rsjRaGUg9DTlSFSXTnrjcT/vGaignM3pTxOFOF4sihIGFQRHGUEfSoIVmygCcKC6r9C3EUCYaWTzOkQ7NmT50mtVLRPi/btcb58MY0jC/bAPigAG5yBMrgGFVAFGDyCZ/AK3own48V4Nz4mpRlj2rML/sD4/AFQdJ4w</latexit>

 ij⌃j 2 (E ⌦ ⇤2)5
<latexit sha1_base64="cvTbZw+DjZWMsFWJO9qgltL1xhA="></latexit>

✏ijk�j⌃k 2 (E ⌦ ⇤2)3
<latexit sha1_base64="Mm7xMH1UQbKaIRv6q9ehUTPrKfU=">AAACEXicbVA5SwNBGJ2NV4zXqqXNYBBiE3aDqGVQBAuLiOaA7CbMTmaTIXMsM7NCCPkLNv4VGwtFbO3s/DdOjkITHww83vuO+V6UMKqN5307maXlldW17HpuY3Nre8fd3atpmSpMqlgyqRoR0oRRQaqGGkYaiSKIR4zUo/7l2K8/EKWpFPdmkJCQo66gMcXIWKntFgLVkzC4o12OWhQGVMDCVSAN5UTD4MYO6qBW6bjtt928V/QmgIvEn5E8mKHSdr+CjsQpJ8JghrRu+l5iwiFShmJGRrkg1SRBuI+6pGmpQHZjOJxcNIJHVunAWCr7hIET9XfHEHGtBzyylRyZnp73xuJ/XjM18Xk4pCJJDRF4uihOGTQSjuOBHaoINmxgCcKK2r9C3EMKYWNDzNkQ/PmTF0mtVPRPi/7tSb58MYsjCw7AISgAH5yBMrgGFVAFGDyCZ/AK3pwn58V5dz6mpRln1rMP/sD5/AEebJvt</latexit>

⇢⌃i 2 (E ⌦ ⇤2)1
<latexit sha1_base64="SCMIpgPOca0B9Bdk1NImTSlPs7w="></latexit>

h[µ
↵⌃i

|↵|⌫] 2 (E ⌦ ⇤2)9
<latexit sha1_base64="/b76QvdYUpCiRkHFDIsLaChdswo=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBjSURUZdFEVy4qGAf0MQymUzaoZNJmJmIJfRX3LhQxK0/4s6/cfpYaOuBgcM593DvnCDlTGnH+bYKS8srq2vF9dLG5tb2jr1bbqokk4Q2SMIT2Q6wopwJ2tBMc9pOJcVxwGkrGFyN/dYjlYol4l4PU+rHuCdYxAjWRura5Wsv0SymCnm3JhXih+OuXXGqzgRokbgzUoEZ6l37ywsTksVUaMKxUh3XSbWfY6kZ4XRU8jJFU0wGuEc7hgps1vn55PYROjRKiKJEmic0mqi/EzmOlRrGgZmMse6reW8s/ud1Mh1d+DkTaaapINNFUcaRTtC4CBQySYnmQ0MwkczcikgfS0y0qatkSnDnv7xImidV96zq3p1WapezOoqwDwdwBC6cQw1uoA4NIPAEz/AKb9bIerHerY/paMGaZfbgD6zPHykFk98=</latexit>

E ⌦ ⇤�

<latexit sha1_base64="NevxQdDOZfML57qBPZR6F2c5Vkk=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBEEoioi6LIrhwUcE+oIllMpm0QyeTMDMRS+ivuHGhiFt/xJ1/4/Sx0NYDA4dz7uHeOUHKmdKO820VlpZXVteK66WNza3tHXu33FRJJgltkIQnsh1gRTkTtKGZ5rSdSorjgNNWMLga+61HKhVLxL0eptSPcU+wiBGsjdS1y9deollMFfJuTSrED8ddu+JUnQnQInFnpAIz1Lv2lxcmJIup0IRjpTquk2o/x1Izwumo5GWKppgMcI92DBXYrPPzye0jdGiUEEWJNE9oNFF/J3IcKzWMAzMZY91X895Y/M/rZDq68HMm0kxTQaaLoowjnaBxEShkkhLNh4ZgIpm5FZE+lphoU1fJlODOf3mRNE+q7lnVvTut1C5ndRRhHw7gCFw4hxrcQB0aQOAJnuEV3qyR9WK9Wx/T0YI1y+zBH1ifPyX9k90=</latexit>

E ⌦ ⇤+

<latexit sha1_base64="tF5jqhZ0gjrJ/vr9gkRRPStlVi4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXEhJRNRl0Y3LCvYBTQyT6aQdOzMJMxOhxCz8FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nvChFGlHefbKi0sLi2vlFcra+sbm1v29k5LxanEpIljFstOiBRhVJCmppqRTiIJ4iEj7XB4NfbbD0QqGotbPUqIz1Ff0IhipI0U2HteQ9G7jN7nx3AQZB5PPZHmMLCrTs2ZAM4TtyBVUKAR2F9eL8YpJ0JjhpTquk6i/QxJTTEjecVLFUkQHqI+6RoqECfKzyb35/DQKD0YxdKU0HCi/p7IEFdqxEPTyZEeqFlvLP7ndVMdXfgZFUmqicDTRVHKoI7hOAzYo5JgzUaGICypuRXiAZIIaxNZxYTgzr48T1onNfes5t6cVuuXRRxlsA8OwBFwwTmog2vQAE2AwSN4Bq/gzXqyXqx362PaWrKKmV3wB9bnD7MnleY=</latexit>

 ij , hµ⌫ both tracefree



Canonical connection
As in the case of frames, there exists a canonical connection in the bundle E after the 2-frame structure is chosen

Proposition:
<latexit sha1_base64="lhyRURlqv8ThMU5GHgvv+BR4mpU=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC8tMFXVZFMGFi4r2AZ12uJOmbWgmMyQZoZR+hRt/xY0LRdyKO//G9LHQ1gOBwzn3kXuCmDOlHefbSi0sLi2vpFcza+sbm1v29k5FRYkktEwiHslaAIpyJmhZM81pLZYUwoDTatC7HPnVByoVi8S97se0EUJHsDYjoI3k20eegICDX8PeHeuE0GTYYwLnrrxIs5Aq7N2YYS1oFg79Y+zbWSfvjIHniTslWTRFybe/vFZEkpAKTTgoVXedWDcGIDUjnA4zXqJoDKQHHVo3VIBZ2RiMzxriA6O0cDuS5gmNx+rvjgGESvXDwFSGoLtq1huJ/3n1RLfPGwMm4kRTQSaL2gnHOsKjjHCLSUo07xsCRDLzV0y6IIFok2TGhODOnjxPKoW8e5p3b0+yxYtpHGm0h/ZRDrnoDBXRNSqhMiLoET2jV/RmPVkv1rv1MSlNWdOeXfQH1ucPf06drQ==</latexit>

rX⌃i 2 (E ⌦ ⇤2)3

To show this, need to show that all other irreducible components in 
<latexit sha1_base64="aqqC7iaCPwKouxEkdhZHq3RNvJg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqswUUZdFEVy4qGAf0BlLJpNpQzPJkGSEYai/4saFIm79EHf+jWk7C209EDiccw/35gQJo0o7zrdVWlldW98ob1a2tnd29+z9g44SqcSkjQUTshcgRRjlpK2pZqSXSILigJFuML6a+t1HIhUV/F5nCfFjNOQ0ohhpIw3s6rUnNI2Jgt6tSYXooQEHds2pOzPAZeIWpAYKtAb2lxcKnMaEa8yQUn3XSbSfI6kpZmRS8VJFEoTHaEj6hnJk9vn57PgJPDZKCCMhzeMaztTfiRzFSmVxYCZjpEdq0ZuK/3n9VEcXfk55kmrC8XxRlDKoBZw2AUMqCdYsMwRhSc2tEI+QRFibviqmBHfxy8uk06i7Z3X37rTWvCzqKINDcAROgAvOQRPcgBZoAwwy8AxewZv1ZL1Y79bHfLRkFZkq+APr8weMvZQO</latexit>

E ⌦ ⇤2 vanish

Because 

<latexit sha1_base64="APlhAd275VmNMR1IL/BGUX0So7g=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHYmRwG6p7Ff8GcgyCXJShhy1bumr01M0S5i0VKAx7cBPbThGbTkVbFLsZIalSIfYZ21HJSbMhOPZtRNy6pQeiZV2JS2Zqb8nxpgYM0oi15mgHZhFbyr+57UzG1+HYy7TzDJJ54viTBCryPR10uOaUStGjiDV3N1K6AA1UusCKroQgsWXl0njvBJcVoL7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcKj/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AgVSPFg==</latexit>r- Levi-Civita connection of 
the metric defined by  

<latexit sha1_base64="QMXeQJ3SopvB3utKwNuXfczHLrk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNLqrB3Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/bVePCQ==</latexit>

⌃

<latexit sha1_base64="APlhAd275VmNMR1IL/BGUX0So7g=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHYmRwG6p7Ff8GcgyCXJShhy1bumr01M0S5i0VKAx7cBPbThGbTkVbFLsZIalSIfYZ21HJSbMhOPZtRNy6pQeiZV2JS2Zqb8nxpgYM0oi15mgHZhFbyr+57UzG1+HYy7TzDJJ54viTBCryPR10uOaUStGjiDV3N1K6AA1UusCKroQgsWXl0njvBJcVoL7i3L1Jo+jAMdwAmcQwBVU4Q5qUAcKj/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AgVSPFg==</latexit>r preserves Hodge 
<latexit sha1_base64="eykRVp35fp5kmvgnaa7Dbb9RkSY=">AAACEXicbVDLSgMxFM34rPU16tJNsAgFocyIqMuiCC5cVLQP6LTlTpq2oUlmSDJCKf0FN/6KGxeKuHXnzr8xbWehrQcCh3PuI/eEMWfaeN63s7C4tLyymlnLrm9sbm27O7sVHSWK0DKJeKRqIWjKmaRlwwyntVhRECGn1bB/OfarD1RpFsl7M4hpQ0BXsg4jYKzUcvOBhJBDq4aDO9YV0GQ4YBJfBZFhgmoc3NhZbWgetdycV/AmwPPET0kOpSi13K+gHZFEUGkIB63rvhebxhCUYYTTUTZINI2B9KFL65ZKsOsaw8lFI3xolTbuRMo+afBE/d0xBKH1QIS2UoDp6VlvLP7n1RPTOW8MmYwTQyWZLuokHJsIj+PBbaYoMXxgCRDF7F8x6YECYmyIWRuCP3vyPKkcF/zTgn97kitepHFk0D46QHnkozNURNeohMqIoEf0jF7Rm/PkvDjvzse0dMFJe/bQHzifP+vgnHE=</latexit>

rX⌃i 2 E ⌦ ⇤+

So, only need to show that 
<latexit sha1_base64="z7TcQYYRq2Uq9MqEzs5DIj6Km+I=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQEcKMuF2EoBePEc0CmTjUdDpJk56eobtHCEMOXvwVLx4U8epHePNv7CwHTXxQ8Hiviqp6QcyZ0o7zbWUWFpeWV7KrubX1jc0te3unpqJEElolEY9kIwBFORO0qpnmtBFLCmHAaT3oX438+gOVikXiTg9i2gqhK1iHEdBG8u180RMQcPAb2Ltl3RDu2YGfuocnwwvHtwtOyRkDzxN3Sgpoiopvf3ntiCQhFZpwUKrpOrFupSA1I5wOc16iaAykD13aNFRASFUrHT8xxPtGaeNOJE0Jjcfq74kUQqUGYWA6Q9A9NeuNxP+8ZqI7562UiTjRVJDJok7CsY7wKBHcZpISzQeGAJHM3IpJDyQQbXLLmRDc2ZfnSe2o5J6W3JvjQvlyGkcW5dEeKiIXnaEyukYVVEUEPaJn9IrerCfrxXq3PiatGWs6s4v+wPr8AWsmlqo=</latexit>

(rX⌃i)1+5 = 0

These components are computed as
<latexit sha1_base64="fP+B5FldXlVcWs/WVXDWACWITlw="></latexit>

2⌃(i|µ⌫|rX⌃j)
µ⌫ = rX⌃i|µ⌫|⌃j

µ⌫ = 4rX�ij = 0

Corollary: There exists an E-valued 1-form 
<latexit sha1_base64="gMnHqSZyKe5CB38BOyCKWqQEBZs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeoF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bK6ysrq1vFDdLW9s7u3vl/YOmTqwitEESnqh2hDXlTNKGYYbTdqooFhGnrWh0O/VbT1RplsgHM05pKPBAspgRbJzUun5kva6wvXLFr/ozoGUS5KQCOeq98le3nxArqDSEY607gZ+aMMPKMMLppNS1mqaYjPCAdhyVWFAdZrNzJ+jEKX0UJ8qVNGim/p7IsNB6LCLXKbAZ6kVvKv7ndayJr8KMydQaKsl8UWw5Mgma/o76TFFi+NgRTBRztyIyxAoT4xIquRCCxZeXSfOsGlxUg/vzSu0mj6MIR3AMpxDAJdTgDurQAAIjeIZXePNS78V79z7mrQUvnzmEP/A+fwAZaI9r</latexit>

Ai
µ such that

<latexit sha1_base64="TqpbBTWrjMRICtGn80pwkJqvKOY="></latexit>

rµ⌃
i
⇢� = �✏ijkAj

µ⌃
k
⇢�

is a connection in E
<latexit sha1_base64="gMnHqSZyKe5CB38BOyCKWqQEBZs=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeoF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bK6ysrq1vFDdLW9s7u3vl/YOmTqwitEESnqh2hDXlTNKGYYbTdqooFhGnrWh0O/VbT1RplsgHM05pKPBAspgRbJzUun5kva6wvXLFr/ozoGUS5KQCOeq98le3nxArqDSEY607gZ+aMMPKMMLppNS1mqaYjPCAdhyVWFAdZrNzJ+jEKX0UJ8qVNGim/p7IsNB6LCLXKbAZ6kVvKv7ndayJr8KMydQaKsl8UWw5Mgma/o76TFFi+NgRTBRztyIyxAoT4xIquRCCxZeXSfOsGlxUg/vzSu0mj6MIR3AMpxDAJdTgDurQAAIjeIZXePNS78V79z7mrQUvnzmEP/A+fwAZaI9r</latexit>

Ai
µ

This can also be stated by saying that there exists a canonical connection in E such that the total derivative operator
<latexit sha1_base64="XBlNU1wAekNVBijl/uHyFUPnrxo=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiAIQpgRUS9CXA4eI5gFkiHUdDpJk56esbsnEIZ8hxcPinj1Y7z5N3aWgyY+KHi8V0VVvSAWXBvX/XYyS8srq2vZ9dzG5tb2Tn53r6qjRFFWoZGIVD1AzQSXrGK4EaweK4ZhIFgt6N+O/dqAKc0j+WiGMfND7Ere4RSNlfy7K9KUGAgkJ+S6lS+4RXcCski8GSnADOVW/qvZjmgSMmmoQK0bnhsbP0VlOBVslGsmmsVI+9hlDUslhkz76eToETmySpt0ImVLGjJRf0+kGGo9DAPbGaLp6XlvLP7nNRLTufRTLuPEMEmnizqJICYi4wRImytGjRhaglRxeyuhPVRIjc0pZ0Pw5l9eJNXTonde9B7OCqWbWRxZOIBDOAYPLqAE91CGClB4gmd4hTdn4Lw4787HtDXjzGb24Q+czx+OLpCp</latexit>

D = r+A
<latexit sha1_base64="lJ9haVg6jHAvExwLFrGW8uwj45Y=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6Eoh48VrQf0F1KNs22oUl2SbJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OLqZ+u0nqjSL5aMZJzQQeCBZxAg2VvJvkf/ABgKjK+T2yhW36s6AlomXkwrkaPTKX34/Jqmg0hCOte56bmKCDCvDCKeTkp9qmmAywgPatVRiQXWQzW6eoBOr9FEUK1vSoJn6eyLDQuuxCG2nwGaoF72p+J/XTU10GWRMJqmhkswXRSlHJkbTAFCfKUoMH1uCiWL2VkSGWGFibEwlG4K3+PIyaZ1VvVrVuz+v1K/zOIpwBMdwCh5cQB3uoAFNIJDAM7zCm5M6L8678zFvLTj5zCH8gfP5A/dFkFY=</latexit>

D⌃ = 0is such that

Proposition: The connection A is completely determined by the projection to  
<latexit sha1_base64="KOD5nKvQTm1DwGEaA8IbkkaX5Jw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlU1GVRBBcuKtgHNLFMJpN26CQTZiZiCf0VNy4UceuPuPNvnD4W2npg4HDOPdw7J0g5U9pxvq3C0vLK6lpxvbSxubW9Y++Wm0pkktAGEVzIdoAV5SyhDc00p+1UUhwHnLaCwdXYbz1SqZhI7vUwpX6MewmLGMHaSF27fO0JzWKqkHdrUiF+OOnaFafqTIAWiTsjFZih3rW/vFCQLKaJJhwr1XGdVPs5lpoRTkclL1M0xWSAe7RjaILNOj+f3D5Ch0YJUSSkeYlGE/V3IsexUsM4MJMx1n01743F/7xOpqMLP2dJmmmakOmiKONICzQuAoVMUqL50BBMJDO3ItLHEhNt6iqZEtz5Ly+S5nHVPau6d6eV2uWsjiLswwEcgQvnUIMbqEMDCDzBM7zCmzWyXqx362M6WrBmmT34A+vzBzIdk+U=</latexit>

E ⌦ ⇤3
<latexit sha1_base64="sto3PtmWjuOpDVxjCjNi2oLTHGU=">AAACGXicbVDLSgMxFM34rPVVdekmWAQ3lhkRdSNU3bisaB/QaUsmc9umzWSGJKOUob/hxl9x40IRl7ryb0zbWWjrgcDhnHO5uceLOFPatr+tufmFxaXlzEp2dW19YzO3tV1RYSwplGnIQ1nziALOBJQ10xxqkQQSeByqXv9q5FfvQSoWijs9iKARkI5gbUaJNlIrZ/vuLesEpMnwOT7ELkSK8VA0E9brD/FFs4fdB/A7gNNYv5XL2wV7DDxLnJTkUYpSK/fp+iGNAxCacqJU3bEj3UiI1IxyGGbdWEFEaJ90oG6oIAGoRjK+bIj3jeLjdijNExqP1d8TCQmUGgSeSQZEd9W0NxL/8+qxbp81EiaiWIOgk0XtmGMd4lFN2GcSqOYDQwiVzPwV0y6RhGpTZtaU4EyfPEsqRwXnpODcHOeLl2kdGbSL9tABctApKqJrVEJlRNEjekav6M16sl6sd+tjEp2z0pkd9AfW1w/pT5+k</latexit>

d⌃i = �✏ijkAj ^ ⌃k

<latexit sha1_base64="6B5s1HdrT0qNunKKrFskB2EC+cI=">AAACGHicbVDLSsNAFJ3UV62vqks3g0VoBWsiRd0IVTfqqqJ9QBPDZDJph04ezEyEEvIZbvwVNy4Ucdudf+O0zUKtBy4czrmXe+9xIkaF1PUvLTc3v7C4lF8urKyurW8UN7daIow5Jk0cspB3HCQIowFpSioZ6UScIN9hpO0MLsd++5FwQcPgXg4jYvmoF1CPYiSVZBcPz+EZND2OcGKkSS2F5RvbgAfQ9JHsO05ynVbK+9A172jPRw+0YhdLelWfAM4SIyMlkKFhF0emG+LYJ4HEDAnRNfRIWgnikmJG0oIZCxIhPEA90lU0QD4RVjJ5LIV7SnGhF3JVgYQT9edEgnwhhr6jOsf3ir/eWPzP68bSO7USGkSxJAGeLvJiBmUIxylBl3KCJRsqgjCn6laI+0ilJFWWBRWC8fflWdI6qhrHVeO2VqpfZHHkwQ7YBWVggBNQB1egAZoAgyfwAt7Au/asvWof2ue0NadlM9vgF7TRNzPvnWg=</latexit>

A =
1

4
(J1 � I)(⇤d⌃i)Proof: explicit computation, the answer is 



Curvature
We now take another covariant derivative of 

<latexit sha1_base64="TqpbBTWrjMRICtGn80pwkJqvKOY="></latexit>

rµ⌃
i
⇢� = �✏ijkAj

µ⌃
k
⇢� to get

<latexit sha1_base64="n1ehjYPj2+UFAuobXR9SreMyNQI="></latexit>

2r[µr⌫]⌃
i
⇢� = Rµ⌫[⇢

↵⌃i
|↵|�] = �✏ijkF j

µ⌫⌃
k
⇢�

<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,
<latexit sha1_base64="eR6J041NQpr8TXxlG1eBiRdP/fU=">AAACKnicbVBLSwMxGMz6rPVV9eglWARPZbeIehGqgnisjz6g2y7ZNG1Dk+ySZIWy7O/x4l/x0oNSvPpDTLd7sK0DIcPMNyTf+CGjStv2xFpZXVvf2Mxt5bd3dvf2CweHdRVEEpMaDlggmz5ShFFBappqRpqhJIj7jDT84d3Ub7wSqWggXvQoJG2O+oL2KEbaSF7h5smLXR65IkripBO7chC4ivY5SqD7PL071JtTr2EZ3qfiLAW9QtEu2SngMnEyUgQZql5h7HYDHHEiNGZIqZZjh7odI6kpZiTJu5EiIcJD1CctQwXiRLXjdNUEnhqlC3uBNEdomKp/EzHiSo24byY50gO16E3F/7xWpHtX7ZiKMNJE4NlDvYhBHcBpb7BLJcGajQxBWFLzV4gHSCKsTbt5U4KzuPIyqZdLzkXJeTwvVm6zOnLgGJyAM+CAS1ABD6AKagCDN/ABPsGX9W6NrYn1PRtdsbLMEZiD9fMLCLSoLg==</latexit>

Rµ⌫
⇢�⌃i

⇢� = 2F i
µ⌫

Here 
<latexit sha1_base64="6sV+tCqwt65I6f78M1kH+DZq3Ig="></latexit>

F i = dAi +
1

2
✏ijkAj ^Ak is the curvature of the SO(3) connection A

We have shown that the curvature of A encodes the self-dual part of Riemann with respect to a pair of indices 

Corollary:
<latexit sha1_base64="Ib9KJuiir4iVLio0HIkSoCUEaao=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KomIuhGKbly4qGIf0IQwmUzaoZNJmIdQQpdu/BU3LhRx6ye482+ctkG09cDA4Zx7uHNPmDEqleN8WXPzC4tLy6WV8ura+samvbXdlKkWmDRwylLRDpEkjHLSUFQx0s4EQUnISCvsX4781j0Rkqb8Tg0y4ieoy2lMMVJGCuy92yD3Eu1xPYTn0Ls2yQjB7o8Y2BWn6owBZ4lbkAooUA/sTy9KsU4IV5ghKTuukyk/R0JRzMiw7GlJMoT7qEs6hnKUEOnn40OG8MAoEYxTYR5XcKz+TuQokXKQhGYyQaonp72R+J/X0So+83PKM60Ix5NFsWZQpXDUCoyoIFixgSEIC2r+CnEPCYSV6a5sSnCnT54lzaOqe1J1b44rtYuijhLYBfvgELjgFNTAFaiDBsDgATyBF/BqPVrP1pv1Phmds4rMDvgD6+MbRIOZgg==</latexit>

Rµ⌫ = ⇤gµ⌫
<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,
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F i = M ij⌃j for some (symmetric) 3x3 matrix M 

Thus, Einstein condition becomes a very simple and natural condition on the curvature of A 



Field equations and the action
The full set of field equations in this formalism
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d⌃i + ✏ijkAj ^ ⌃k = 0

Come from Plebanski action
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All equations are written only using the exterior derivative

They can be compared with the usual frame formalism
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deI + !I
J ^ eJ = 0
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✏IJKLeJ ^ FKL = 0

Einstein-Cartan action (with zero Lambda)

Cartan’s first structure equation

Ricci-flatness 

Why are 2-forms any superior to the frame formalism?

The answer is in the types of operators that appear in linearised theory

Also this formalism is ideally adapted to describe instantons

Also produces much more useful perturbation theory



YM self-duality equations
Linearisation of YM self-duality equations 
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1. Introduction

Since the pioneering works by Atiyah, Hitchin, Singer [1] and Donaldson [2] Yang-Mills
(YM) instanton equations F (A)+ = 0 on a 4-manifold played fundamental role in di↵erential
geometry. Linearisation of these equations around an instanton gives rise to an elliptic complex
of di↵erential operators

⇤0(g) ⇤1(g) ⇤2
+(g)

dA d+A (1.1)

Here dA is the exterior covariant derivative with respect to the background gauge field A, and the
second operator is the restriction of the exterior covariant derivative (of a Lie algebra valued 1-
form) to the space of self-dual Lie algebra valued 2-forms. The composition of the two operators
appearing above vanishes when the background gauge field is an instanton F (A)+ = 0. The
above complex can be checked to be elliptic, which means that for the corresponding complex
of symbols of the operators the image of the previous map coincides with the kernel of the next
map. Also, the full YM equations ?dA ?F (A) = 0 are equivalent to ?dA ?F+(A) = 0, and their
linearisation is then the statement that

(d+A)
⇤d+Aa = 0, (1.2)

where (d+A)
⇤ is the adjoint of d+Aa. So, the complex (1.1) can be said to also know about the full

second-order YM field equations. Adding the adjoint operators, one gets an elliptic operator

⇤1(g) ⇤0(g)� ⇤2
+(g).

d+A+(dA)⇤

(1.3)

This operator is known to be the (twisted by A) Dirac operator D : S+⌦S�⌦g ! S+⌦S+⌦g,
where S± are the two spinor representations of Spin(4). The instanton complex plays the key
role in understanding the (local) properties of the moduli space of YM instantons, see [2].

The aim of this paper is to build an analogous elliptic di↵erential complex, but this time
relevant for Einstein rather than YM equations. Our construction became possible due to the
recent re-interpretation [3] of the Plebański description [4] of Einstein equations. Let us remind
the reader the basic points of this encoding of Einstein equations.

Let ⌃i, i = 1, 2, 3 2 ⇤2 be a triple of 2-forms satisfying the condition ⌃i ^ ⌃j ⇠ �ij . Some
literature refers to such a set of 2-forms as perfect triples. The GL(4,R) stabiliser of a perfect

gives rise to a famous complex of differential operators
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1. Introduction

Since the pioneering works by Atiyah, Hitchin, Singer [1] and Donaldson [2] Yang-Mills
(YM) instanton equations F (A)+ = 0 on a 4-manifold played fundamental role in di↵erential
geometry. Linearisation of these equations around an instanton gives rise to an elliptic complex
of di↵erential operators

⇤0(g) ⇤1(g) ⇤2
+(g)

dA d+A (1.1)

Here dA is the exterior covariant derivative with respect to the background gauge field A, and the
second operator is the restriction of the exterior covariant derivative (of a Lie algebra valued 1-
form) to the space of self-dual Lie algebra valued 2-forms. The composition of the two operators
appearing above vanishes when the background gauge field is an instanton F (A)+ = 0. The
above complex can be checked to be elliptic, which means that for the corresponding complex
of symbols of the operators the image of the previous map coincides with the kernel of the next
map. Also, the full YM equations ?dA ?F (A) = 0 are equivalent to ?dA ?F+(A) = 0, and their
linearisation is then the statement that

(d+A)
⇤d+Aa = 0, (1.2)

where (d+A)
⇤ is the adjoint of d+Aa. So, the complex (1.1) can be said to also know about the full

second-order YM field equations. Adding the adjoint operators, one gets an elliptic operator

⇤1(g) ⇤0(g)� ⇤2
+(g).

d+A+(dA)⇤

(1.3)

This operator is known to be the (twisted by A) Dirac operator D : S+⌦S�⌦g ! S+⌦S+⌦g,
where S± are the two spinor representations of Spin(4). The instanton complex plays the key
role in understanding the (local) properties of the moduli space of YM instantons, see [2].

The aim of this paper is to build an analogous elliptic di↵erential complex, but this time
relevant for Einstein rather than YM equations. Our construction became possible due to the
recent re-interpretation [3] of the Plebański description [4] of Einstein equations. Let us remind
the reader the basic points of this encoding of Einstein equations.

Let ⌃i, i = 1, 2, 3 2 ⇤2 be a triple of 2-forms satisfying the condition ⌃i ^ ⌃j ⇠ �ij . Some
literature refers to such a set of 2-forms as perfect triples. The GL(4,R) stabiliser of a perfect

Adding the adjoint (gauge-fixing) one gets an elliptic operator

This operator is in fact a twisted Dirac operator
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g⌦ S+ ⌦ S� ! g⌦ S+ ⌦ S+

and plays the key role in understanding the local properties of the instanton moduli space

There are analogs of all of this for the case of gravity!

But needs the formalism of 2-frames!



Gravitational instantons
We define gravitational instantons as Riemannian metrics that for which one of the halves of the Riemann curvature vanishes

<latexit sha1_base64="p7UQSBULj0ODrUhHz9pZZnsHHl8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgCGFXRL0IQS8eo5gHJEuYnXSSIbOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxALro3rfju5peWV1bX8emFjc2t7p7i7V9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8GbiN55QaR7JBzOK0Q9pX/IeZ9RYqXnPMeycXLmdYsktu1OQReJlpAQZqp3iV7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6b1jcmSVLulFypY0ZKr+nkhpqPUoDGxnSM1Az3sT8T+vlZjepZ9yGScGJZst6iWCmIhMniddrpAZMbKEMsXtrYQNqKLM2IgKNgRv/uVFUj8te+dl7+6sVLnO4sjDARzCMXhwARW4hSrUgIGAZ3iFN+fReXHenY9Za87JZvbhD5zPHw8jj1Q=</latexit>

Riem+ = 0

These are automatically Einstein and Ricci-flat, because Einstein condition is 
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�Riem+ = 0

and the scalar curvature is a component of  
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+Riem+ = 0

The 2-frame formalism is ideally suited for the description of gravitational instantons

Recall that the curvature F of the SO(3) connection A encodes precisely
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Riem+

These means that instanton metrics are encoded by 2-frames 
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⌃ whose canonical connection is flat

It is then always possible to choose the 2-frame so that 
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A = 0 or
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d⌃i = 0

This gives a simple first-order in derivatives description of gravitational instantons

This is well-known, for example Eguchi-Hanson metric was obtained precisely from the condition 
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A = 0



HyperKahler
The described gravitational instantons are actually hyperKahler metrics

Riemannian manifolds that possess 3 complex structures satisfying the algebra of imaginary quaternions

These 3 complex structures are just our 
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⌃i with one of the indices raised
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⌃i
µ
⌫

Another way to think about these manifolds is as those with an SU(2) structure

The globally defined triple of 2-forms 
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⌃i is stabilised by an SU(2) subgroup of SO(4)

For each of the complex structures, the 2-forms define the Kahler form as well as the top holomorphic form
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! = ⌃3
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⌦ = ⌃1 + i⌃2

The subgroup of SO(4) that preserves the Kahler form is U(2)
The subgroup of SO(4) that in addition preserves the top holomorphic form is SU(2)



Action principle for grav. instantons
There is a simple action principle whose critical points are gravitational instantons

Effectively, it arises by dropping a term in Plebanski action
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SSD[⌃, A, ] =

Z
⌃idAi � 1

2
 ij⌃i ^ ⌃j

The variation with respect to A gives the equation that the 2-frame is closed. We can then parametrise (locally)
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ai 2 E ⌦ ⇤1

2106.01397 [hep-th]
With Skvortsov

This gives
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S[a, ] = �1

2

Z
 ij(⌃i

0 + dai) ^ (⌃j
0 + daj)
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⌃i = ⌃i
0 + dai where and
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⌃i
0 is some hyperKahler background  

This is a good point for instanton sector perturbation theory

In particular, one can compute the same helicity Berends-Giele current using this perturbation theory

This current is the main building block of the gravity MHV amplitudes

https://arxiv.org/abs/2106.01397


Plebanski complex
Theorem: Linearisation of the instanton equations gives rise to the following complex of differential operators

4 KRASNOV AND SHAW

Assembling the spaces and the di↵erential operators we get what we propose to call the
Plebański complex

TM S E ⌦ ⇤1 E
d1 d2 d3 (1.10)

We then have the following

Theorem A. The complex (1.10) is an elliptic complex of di↵erential operators.

We remind the reader that a complex of first-order di↵erential operators

E0 E1 E2 E3
d1 d2 d3 (1.11)

where E0,1,2,3 are (the space of sections of) vector spaces, is said to be elliptic if the associated
sequence of symbols

0 E0 E1 E2 E3 0
�(d1) �(d2) �(d3)

(1.12)

is exact outside the zero section of T ⇤M . We remark that the dimensions of the spaces appearing
in (1.10) are

4 13 12 3
d1 d2 d3 (1.13)

and thus the alternating sum of the dimensions vanishes, as it should for an elliptic complex.
Our second statement gives an Einstein analogue of the characterisation (1.2) of the linearised

YM equations.

Theorem B. Define the inner product on E ⌦ ⇤1 to be given by

ha, ai =
Z

M
✏ijk⌃i ^ aj ^ ak. (1.14)

The linearisation of the Einstein equations (1.5) is the statement

d⇤2d2�
i = 0. (1.15)

The operator d⇤2 also depends on the inner product in S, and this is not unique. But the
above theorem holds for any choice of the inner product in S.

Our final statement, whose proof will occupy the largest portion of the paper, is related to
a construction of an elliptic operator for (1.10) that squares to the Laplacian, giving a gravity
analogue of (1.3). The most natural such construction would consist in simply adding the
adjoints. Indeed, let us consider the operator

D : S � E ! TM � E ⌦ ⇤1, D(�,�) = (d⇤1�, d2� + d⇤3�). (1.16)

The operator so constructed is guaranteed to be an elliptic operator. However, somewhat to
our surprise, we have the following negative result: D⇤D is not a multiple of the Laplacian on
S � E, if we demand that the inner product on E ⌦ ⇤1 is given by (1.14). However, D⇤D is a
multiple of the Laplacian if instead one uses the following inner product

ha, ai0 =
Z

M
(ai, ai), (1.17)

where (·, ·) is the metric pairing on ⇤1, defined with respect to the metric determine by ⌃i.
While this choice of the inner product leads to the desired result for D⇤D, this is not the
choice that leads to d⇤2 being the operator appearing in the linearised Einstein equations. This
makes us look for a construction of D that has the property D⇤D ⇠ � and that will involve
the operators d2, d⇤2, the later being defined with respect to the inner product (1.14). Such a
construction exists, but is non-trivial.

Let us consider the more general elliptic di↵erential operator

D̃ : S � E ! TM � E ⌦ ⇤1, D̃(�,�) = (d̃⇤1� + d̃4�, d2� + d̃⇤3�), (1.18)

where we introduced d̃4 : E ! TM . We require that d2 that appears here is the one of the
Plebański complex (1.10), and that the inner product on E ⌦ ⇤1 is as in (1.14) so that d⇤2 is
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triple can be shown to be SU(2), and so perfect triples give an example of a G-structure, with
G = SU(2). Given an SU(2)-structure ⌃i, there exists a triple of 1-forms Ai satisfying the
equation

d⌃i + ✏ijkAj ^ ⌃k = 0. (1.4)

This triple of 1-forms can be shown [3] to coincide with the so-called intrinsic torsion of the
SU(2)-structure ⌃i. When the intrinsic torsion vanishes the SU(2)-structure is integrable. It
can be shown that in this case the metric defined by ⌃i is Ricci-flat and there are 3 integrable
complex structures satisfying the algebra of the imaginary quaternions. So, when d⌃i = 0
the metric defined by ⌃i is hyper-Kähler. For more information about this description of
hyper-Kähler metrics see e.g. [5], Section 4.1. More generally, Einstein equations Ric = 0 can
also be encoded in the same language. Indeed, as is well-known from the general context of G-
structures, the intrinsic torsion of a G-structure, when G ⇢ SO(n), where dim(M) = n, together
with its first derivatives, encode some part of the Riemann curvature tensor of the Riemannian
metric defined by the G-structure. This is why it may be possible to impose some equations on
the curvature, for example Einstein equations, as a first-order in derivatives condition on the
intrinsic torsion. In the case at hand, one shows that Einstein equations Ric = 0 become the
statement that

F i(A) =  ij⌃j , F i(A) = dAi +
1

2
✏ijkAj ^Ak. (1.5)

Here  ij is an arbitrary symmetric tracefree 3⇥ 3 matrix.
The equations (1.4), (1.5) are the two equations of the Plebański formalism for General

Relativity. Their linearisation at the background d⌃i = 0 (and thus Ai = 0) is what gives
rise to the Plebański complex that we are to define. Thus, we now consider a perfect triple of
closed d⌃i = 0 2-forms ⌃i. Define E = su(2) = so(3) = R3. Let us define S ⇢ E ⌦ ⇤2 to be
the tangent space to the space of perfect triples at ⌃i. We will characterise S more explicitly
below. Similarly, let E ⇥ ⇤1 be the tangent space to the space of triples of 1-forms Ai. The
linearisation of the equation (1.4) at Ai = 0 is then

d�i + ✏ijkaj ^ ⌃k = 0, �i 2 S, ai 2 E ⌦ ⇤1. (1.6)

The solution of this equation can be stated in terms of a certain linear operator J1 : E ⌦
⇤1 ! E ⌦ ⇤1 defined in (2.7). This operator has two eigenspaces in E ⌦ ⇤1, decomposing it
E ⌦ ⇤1 = (E ⌦ ⇤1)4 � (E ⌦ ⇤1)8. The equation (1.6) becomes a linear equation for ai, whose
solution is given by ai = d2�i, where

d2 : S ! E ⌦ ⇤1, d2�
i =

1

2
J�1
1 (?d�i). (1.7)

Here ? is the Hodge star with respect to the metric defined by ⌃i. This is the operator that
appears as the second arrow of our to-be-constructed complex.

To construct the first arrow we note that the objects ai that appear as the result of the map
d2 : S ! E ⌦ ⇤1 are di↵eomorphism invariant. Di↵eomorphisms act on the space S via

d1 : TM ! S, d1⇠ = d(⇠y⌃i). (1.8)

We will see in the main exposition that the object d(⇠y⌃i) is in S, the tangent space to the
space of perfect triples. It is then immediate to see that the composition d2d1 = 0.

The final arrow of the Plebański complex arises by considering the map

d3 : E ⌦ ⇤1 ! E, d3a
i = dai

���
3
⌘ ✏ijk⌃j ^ dak/v⌃. (1.9)

Here dai 2 E ⌦ ⇤2 is the exterior derivative of ai, and the projection is taken onto the copy of
E inside E ⌦ ⇤2. The last equality describes this projection explicitly, here v⌃ is the volume
form for the metric defined by ⌃i, which we can take to be v⌃ = (1/6)⌃i ^⌃i. The vanishing of
the composition d3d2 = 0 is the consequence of the equation (1.6). Indeed, taking the exterior
derivative of this equation one gets d3ai = 0 whenever ai satisfies (1.6).
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The final arrow of the Plebański complex arises by considering the map

d3 : E ⌦ ⇤1 ! E, d3a
i = dai

���
3
⌘ ✏ijk⌃j ^ dak/v⌃. (1.9)

Here dai 2 E ⌦ ⇤2 is the exterior derivative of ai, and the projection is taken onto the copy of
E inside E ⌦ ⇤2. The last equality describes this projection explicitly, here v⌃ is the volume
form for the metric defined by ⌃i, which we can take to be v⌃ = (1/6)⌃i ^⌃i. The vanishing of
the composition d3d2 = 0 is the consequence of the equation (1.6). Indeed, taking the exterior
derivative of this equation one gets d3ai = 0 whenever ai satisfies (1.6).

Where
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triple can be shown to be SU(2), and so perfect triples give an example of a G-structure, with
G = SU(2). Given an SU(2)-structure ⌃i, there exists a triple of 1-forms Ai satisfying the
equation

d⌃i + ✏ijkAj ^ ⌃k = 0. (1.4)

This triple of 1-forms can be shown [3] to coincide with the so-called intrinsic torsion of the
SU(2)-structure ⌃i. When the intrinsic torsion vanishes the SU(2)-structure is integrable. It
can be shown that in this case the metric defined by ⌃i is Ricci-flat and there are 3 integrable
complex structures satisfying the algebra of the imaginary quaternions. So, when d⌃i = 0
the metric defined by ⌃i is hyper-Kähler. For more information about this description of
hyper-Kähler metrics see e.g. [5], Section 4.1. More generally, Einstein equations Ric = 0 can
also be encoded in the same language. Indeed, as is well-known from the general context of G-
structures, the intrinsic torsion of a G-structure, when G ⇢ SO(n), where dim(M) = n, together
with its first derivatives, encode some part of the Riemann curvature tensor of the Riemannian
metric defined by the G-structure. This is why it may be possible to impose some equations on
the curvature, for example Einstein equations, as a first-order in derivatives condition on the
intrinsic torsion. In the case at hand, one shows that Einstein equations Ric = 0 become the
statement that

F i(A) =  ij⌃j , F i(A) = dAi +
1

2
✏ijkAj ^Ak. (1.5)

Here  ij is an arbitrary symmetric tracefree 3⇥ 3 matrix.
The equations (1.4), (1.5) are the two equations of the Plebański formalism for General

Relativity. Their linearisation at the background d⌃i = 0 (and thus Ai = 0) is what gives
rise to the Plebański complex that we are to define. Thus, we now consider a perfect triple of
closed d⌃i = 0 2-forms ⌃i. Define E = su(2) = so(3) = R3. Let us define S ⇢ E ⌦ ⇤2 to be
the tangent space to the space of perfect triples at ⌃i. We will characterise S more explicitly
below. Similarly, let E ⇥ ⇤1 be the tangent space to the space of triples of 1-forms Ai. The
linearisation of the equation (1.4) at Ai = 0 is then

d�i + ✏ijkaj ^ ⌃k = 0, �i 2 S, ai 2 E ⌦ ⇤1. (1.6)

The solution of this equation can be stated in terms of a certain linear operator J1 : E ⌦
⇤1 ! E ⌦ ⇤1 defined in (2.7). This operator has two eigenspaces in E ⌦ ⇤1, decomposing it
E ⌦ ⇤1 = (E ⌦ ⇤1)4 � (E ⌦ ⇤1)8. The equation (1.6) becomes a linear equation for ai, whose
solution is given by ai = d2�i, where

d2 : S ! E ⌦ ⇤1, d2�
i =

1

2
J�1
1 (?d�i). (1.7)

Here ? is the Hodge star with respect to the metric defined by ⌃i. This is the operator that
appears as the second arrow of our to-be-constructed complex.

To construct the first arrow we note that the objects ai that appear as the result of the map
d2 : S ! E ⌦ ⇤1 are di↵eomorphism invariant. Di↵eomorphisms act on the space S via

d1 : TM ! S, d1⇠ = d(⇠y⌃i). (1.8)

We will see in the main exposition that the object d(⇠y⌃i) is in S, the tangent space to the
space of perfect triples. It is then immediate to see that the composition d2d1 = 0.

The final arrow of the Plebański complex arises by considering the map

d3 : E ⌦ ⇤1 ! E, d3a
i = dai

���
3
⌘ ✏ijk⌃j ^ dak/v⌃. (1.9)

Here dai 2 E ⌦ ⇤2 is the exterior derivative of ai, and the projection is taken onto the copy of
E inside E ⌦ ⇤2. The last equality describes this projection explicitly, here v⌃ is the volume
form for the metric defined by ⌃i, which we can take to be v⌃ = (1/6)⌃i ^⌃i. The vanishing of
the composition d3d2 = 0 is the consequence of the equation (1.6). Indeed, taking the exterior
derivative of this equation one gets d3ai = 0 whenever ai satisfies (1.6).

And S is the tangent space to the space of 2-frames
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S = (E ⌦ ⇤2)1+3+9

This complex is elliptic, the sequence of dimensions is

2502.19027 [math.DG]
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4 ! 13 ! 12 ! 3

Its appropriate gauge-fixing (adding adjoints) can be shown to be related to the direct sum of two Dirac operators
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the one that appears in the linearised Einstein equations. All other operators are allowed to
be completely general first order di↵erential operators as allowed by the relevant representation
theory. In particular, we do not require that d̃1, d2, d̃3, d̃4 form a di↵erential complex (i.e. there
is no demand that the compositions are zero). We have the following

Theorem C. There is a choice of the inner product on S, and there is a choice of the operators
d̃1, d̃3, d̃4 such that all of the following hold:

• D̃⇤D̃ = ±� on S � E
• The operators d̃1, d̃3, d̃4 can be expressed in terms of d1, d2, d3 of the Plebański complex.
• There exist linear maps

T1 : S � E ! S � E, T2 : TM � E ⌦ ⇤1 ! TM � E ⌦ ⇤1 (1.19)

such that

T2D̃T1 = D4 �D12, (1.20)

with D4, D12 being operators

D4 : ⇤
0 � E ! ⇤1, D12 : E � Sym2

0(⇤
1) ! E ⌦ ⇤1 (1.21)

explicitly given by (8.28). Both of these operators are versions of the Dirac operator

D4 : S+ ⌦ S+ ! S� ⌦ S+, D12 : S� ⌦ S� ⌦ S2
+ ! S+ ⌦ S� ⌦ S2

+. (1.22)

Moreover, the choices we need to make for the above to hold are essentially unique, modulo
signs can be absorbed into field redefinitions. The operator D̃ that is the result of construction
in this theorem is explicitly given by

D̃ =

 
1p
2
(d⇤1 � �d2) ��d⇤3

d2
1p
2
J1d⇤3

!
. (1.23)

Here all operators are those of the Plebański complex, the linear map � : E⌦⇤1 ! ⇤1 is given
by (7.15) and J1 : E⌦⇤1 ! E⌦⇤1 is the linear map given by (2.7). This gives us a non-trivial
gauge-fixing of the Plebański complex, by appropriately assembling the operators d1, d2, d3 and
their adjoints into an elliptic operator that can be written as (twisted by T1, T2) direct sum of
two Dirac operators. This result requires quite a lot of involved calculations occupying Sections
6,7,8.

If one does not demand that d̃1, d̃3, d̃4 can be expressed in terms of d1, d2, d3 of the Plebański
complex then there is some more freedom in the choice of d̃1, d̃3, d̃4 that leads to D̃⇤D̃ = ±�.
The operators D4, D12 already appeared in the work [6], but this reference was using spinor
techniques heavily, which makes it di�cult to establish any uniqueness statement. In contrast,
the present work makes all the assumptions that go into the construction of D̃ manifest, leading
to the statement in the above theorem.

We believe the operator D̃, together with demonstration that it splits as in (1.20), to be
the most interesting construction of this paper. In particular, we hope to develop a similar
gauge-fixing for the full non-linear Einstein equations in a separate publication, having in mind
applications in Numerical Relativity. The results of this paper are also likely to be useful for
carrying out the Kummer construction of hyper-Kähler metrics on K3 surfaces, see the recent
paper [5] for a review and new results in this direction. Another application of our construction
is an analogous one in the context of holonomy Spin(7)-manifolds, to be described elsewhere.

2. Decomposition of E-valued differential forms

The material in this preparatory section is from [3]. The rotation group in four dimensions is
SO(4) = SU(2)⇥ SU(2)/Z2. One of the two SU(2) factors stabilises the 2-forms ⌃i. The other
SU(2) factor rotates the triple ⌃i by an SO(3) orthogonal transformation. This means that it
is natural to treat ⌃i as a map ⌃ : R3 ! ⇤2. The image of this map is the space ⇤2

+ of self-dual
2-forms. The map ⌃ thus identifies R3 with ⇤2

+. This makes it natural to consider how the

This side is the 
diffeomorphism gauge

This side is SO(3) gauge

This complex should be as useful as the YM instanton one!
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Scattering amplitudes
Plebanski formalism gives rise to a very useful perturbative expansion

Can compute gravity MHV amplitudes using the technology of Berends-Giele currents

This is the same technique by which MHV gluon amplitudes - Parke-Taylor formula - have been derived

I will now sketch this calculation, starting with the YM case

The Berends-Giele currents are defined to be the sum of all Feyman diagrams with all legs on-shell, apart from one off-shell leg

The power of this approach to perturbative calculations is in the fact that previously computed BG currents

can be sewn to compute the BG currents for a larger number of particles

Particularly powerful is the application of this technique to BG currents with all particles of the same helicity

or to BG currents with all but one particles of the same helicity

In these cases the arising recursion relations are sufficiently simple to be solvable exactly



Gluon MHV amplitudes
In the case of gluons, direct application of YM Feynman rules gives the following recursion for all-plus BG current 

is not more complicated than the derivation of the all-plus one.

The most technical part of our derivation is in solving the all-but-one-plus BG recursion

relation. However, this is a purely combinatorial problem, with an interesting solution.

Thus, apart from a new derivation of the gravity MHV formula, this paper describes an

explicit solution for the all-but-one-plus BG current. This is a new result.

We also revisit the derivation of the all-but-one-plus BG current of gluons, providing

a di!erent argument from that in [3]. Our solution for this current is also slightly more

general than the one in [3] because we do not make an assumption about the negative gluon

reference spinor, unlike in this reference. This produces an additional term, not present

in the formula of [3]. We need this slightly more general treatment in order to motivate

considerations of the gravitational case.

For convenience of the reader, we briefly describe the main results already in the

Introduction. We first describe the facts relevant for Yang-Mills theory.

The YM BG currents have a very specific tensorial structure, at least for processes

involving all plus gluons, as well as all-but-one-plus. The current is then a product of

certain prefactor that is best described in spinor notations, see the main text, times a

scalar factor that depends on just the momenta (and of course helicities) of the on-shell

particles. Let us denote the scalar part of the BG current in the all-plus case by J(1 . . . n).

Then these scalar currents satisfy the following BG recursion

J(1 . . . n) =
1

↭

( n→1∑

m=1

(q|1 . . .m|m+ 1 . . . n|q)J(1 . . .m)J(m+ 1 . . . n)

)
. (1.1)

Here ↭ stands for the square of the final momentum, so ↭ = (1 + . . .+ n)2. As is usual in

the scattering amplitudes literature, we refer to the momentum of a particle with number

i = 1, . . . , n as simply i. The object q is the reference spinor of the positive helicity gluons,

see the main text for more information. The object (q|1 . . .m|m+1 . . . n|q) can be described

in words as the Cli!ord multiplication of the momenta (1+ · · ·+m) and (m+1+ · · ·+ n)

with q, with then spinor inner product with another copy of q taken. This recursion appears

already in [3], with di!erences in notations. The solution of this recursion is given by

J(1 . . . n) =
1

(q1)(12) . . . (n→ 1 n)(nq)
. (1.2)

As we already explained, many of the essential features of the Parke-Taylor formula are

already visible here. We recall that the amplitudes under discussion are color-ordered, and

this is why gluons are ordered in a specific way in the formula.

To prove the Parke-Taylor formula, one needs to compute a di!erent current, which is

one with a single negative helicity gluon (which we number as gluon 1), as well as a general

number of positive helicity gluons, which we number as 2 . . . n. This current has the same

tensorial structure as the all-plus one (after chosing the reference spinor q to coincide with

the momentum spinor of the negative helicity gluon). Thus, it is also completely described
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This is the recursion for the scalar part of the currents
All currents are vector-valued, but the 

vector structure follows the same 
pattern, so only need the scalar part The solution is

is not more complicated than the derivation of the all-plus one.

The most technical part of our derivation is in solving the all-but-one-plus BG recursion

relation. However, this is a purely combinatorial problem, with an interesting solution.

Thus, apart from a new derivation of the gravity MHV formula, this paper describes an

explicit solution for the all-but-one-plus BG current. This is a new result.

We also revisit the derivation of the all-but-one-plus BG current of gluons, providing

a di!erent argument from that in [3]. Our solution for this current is also slightly more

general than the one in [3] because we do not make an assumption about the negative gluon

reference spinor, unlike in this reference. This produces an additional term, not present

in the formula of [3]. We need this slightly more general treatment in order to motivate

considerations of the gravitational case.

For convenience of the reader, we briefly describe the main results already in the

Introduction. We first describe the facts relevant for Yang-Mills theory.

The YM BG currents have a very specific tensorial structure, at least for processes

involving all plus gluons, as well as all-but-one-plus. The current is then a product of

certain prefactor that is best described in spinor notations, see the main text, times a

scalar factor that depends on just the momenta (and of course helicities) of the on-shell

particles. Let us denote the scalar part of the BG current in the all-plus case by J(1 . . . n).

Then these scalar currents satisfy the following BG recursion

J(1 . . . n) =
1

↭

( n→1∑

m=1

(q|1 . . .m|m+ 1 . . . n|q)J(1 . . .m)J(m+ 1 . . . n)

)
. (1.1)

Here ↭ stands for the square of the final momentum, so ↭ = (1 + . . .+ n)2. As is usual in

the scattering amplitudes literature, we refer to the momentum of a particle with number

i = 1, . . . , n as simply i. The object q is the reference spinor of the positive helicity gluons,

see the main text for more information. The object (q|1 . . .m|m+1 . . . n|q) can be described

in words as the Cli!ord multiplication of the momenta (1+ · · ·+m) and (m+1+ · · ·+ n)

with q, with then spinor inner product with another copy of q taken. This recursion appears

already in [3], with di!erences in notations. The solution of this recursion is given by

J(1 . . . n) =
1

(q1)(12) . . . (n→ 1 n)(nq)
. (1.2)

As we already explained, many of the essential features of the Parke-Taylor formula are

already visible here. We recall that the amplitudes under discussion are color-ordered, and

this is why gluons are ordered in a specific way in the formula.

To prove the Parke-Taylor formula, one needs to compute a di!erent current, which is

one with a single negative helicity gluon (which we number as gluon 1), as well as a general

number of positive helicity gluons, which we number as 2 . . . n. This current has the same

tensorial structure as the all-plus one (after chosing the reference spinor q to coincide with

the momentum spinor of the negative helicity gluon). Thus, it is also completely described
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The all-but-one-plus BG current satisfies a more complicated recursionby its scalar part, which can be shown to satisfy the following recursion

J(1|2 . . . n) = 1

↭

(
(q|2 . . . n|p]

[1p]
J(2 . . . n) +

n→1∑

m=2

(q|1 . . .m|m+ 1 . . . n|q)J(1|2 . . .m)J(m+ 1 . . . n)

)
.

(1.3)

Here p is the reference spinor of the negative helicity gluon. The solution to this recursion

is

J(1|2 . . . n) = J(2 . . . n)

(
[2p]

[12][1p]
+

n→1∑

m=2

(q|1 . . .m|1 . . .m+ 1|q)
(1 . . .m)2(1 . . .m+ 1)2

)
. (1.4)

This solution also appears in [3], with the only di!erence being that p was chosen to be 2

in this reference, so that the first term does not arise. While this is a possible choice in the

color-ordered case, there is no analog of this choice in the unordered gravity case, and so

we kept it in the YM formula as well. Thus, (1.4) is a slight generalization of what appears

in [3].

The solution (1.4) can be alternatively described as follows. We can write

J(1|2 . . . n)/J(2 . . . n) = ω(2) + ω(23) + . . .ω(2 . . . n), (1.5)

where the functions ω(2),ω(23), . . . ,ω(2 . . . n) depend solely on the momenta of the particles

that appear as numbers in their arguments. We can also interpret this sum as the sum

over subgraphs (necessarily containing the first node 2) of the simple linear graph on nodes

2 . . . n. Only the last term in this sum contains a factor of 1/↭, where ↭ = (1+2+ . . . n)2,

and so only the last term survives when one uses the all-but-one-plus current to extract the

MHV gluon amplitude. This explains why the Parke-Taylor formula contains the all-plus

current J(2 . . . n) as its most essential building block.

The story for gravity is exactly parallel. Again, the all-plus BG currents have a specific

tensor structure, and are completely described by their scalar part. This scalar part satisfies

the gravitational BG recursion that reads

J(K) =
1

↭




∑

|I|<|J |,I↑J=K

(q|I|J |q)2J(I)J(J )



 . (1.6)

This recursion is more complicated than that in the YM case, where the color-ordering

implies that there is just a single graph on vertices 2 . . . n ordered in a specific way that

is relevant. This means that in the YM case there is only n → 1 ways to split the set of

momenta 1 . . . n into two groups. In the gravity case one must instead consider all possible

splittings of the set of momenta K = {1 . . . n} into subsets I,J . This makes the sum in

(1.6) more complicated. It is also interesting to remark that the gravity all-plus recursion is

a ”square” of the YM all-plus recursion (1.1) in the sense that the factor (q|I|J |q) appears
with its first power in the YM case and squared in the gravity case. As far as we are aware,

this recursion relation has first appeared in [5], in the context of half-soft functions.
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The solution is

by its scalar part, which can be shown to satisfy the following recursion

J(1|2 . . . n) = 1

↭

(
(q|2 . . . n|p]

[1p]
J(2 . . . n) +
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(q|1 . . .m|m+ 1 . . . n|q)J(1|2 . . .m)J(m+ 1 . . . n)

)
.

(1.3)

Here p is the reference spinor of the negative helicity gluon. The solution to this recursion

is

J(1|2 . . . n) = J(2 . . . n)

(
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)
. (1.4)

This solution also appears in [3], with the only di!erence being that p was chosen to be 2

in this reference, so that the first term does not arise. While this is a possible choice in the

color-ordered case, there is no analog of this choice in the unordered gravity case, and so

we kept it in the YM formula as well. Thus, (1.4) is a slight generalization of what appears

in [3].

The solution (1.4) can be alternatively described as follows. We can write

J(1|2 . . . n)/J(2 . . . n) = ω(2) + ω(23) + . . .ω(2 . . . n), (1.5)

where the functions ω(2),ω(23), . . . ,ω(2 . . . n) depend solely on the momenta of the particles

that appear as numbers in their arguments. We can also interpret this sum as the sum

over subgraphs (necessarily containing the first node 2) of the simple linear graph on nodes

2 . . . n. Only the last term in this sum contains a factor of 1/↭, where ↭ = (1+2+ . . . n)2,

and so only the last term survives when one uses the all-but-one-plus current to extract the

MHV gluon amplitude. This explains why the Parke-Taylor formula contains the all-plus

current J(2 . . . n) as its most essential building block.

The story for gravity is exactly parallel. Again, the all-plus BG currents have a specific

tensor structure, and are completely described by their scalar part. This scalar part satisfies

the gravitational BG recursion that reads

J(K) =
1

↭




∑

|I|<|J |,I↑J=K

(q|I|J |q)2J(I)J(J )



 . (1.6)

This recursion is more complicated than that in the YM case, where the color-ordering

implies that there is just a single graph on vertices 2 . . . n ordered in a specific way that

is relevant. This means that in the YM case there is only n → 1 ways to split the set of

momenta 1 . . . n into two groups. In the gravity case one must instead consider all possible

splittings of the set of momenta K = {1 . . . n} into subsets I,J . This makes the sum in

(1.6) more complicated. It is also interesting to remark that the gravity all-plus recursion is

a ”square” of the YM all-plus recursion (1.1) in the sense that the factor (q|I|J |q) appears
with its first power in the YM case and squared in the gravity case. As far as we are aware,

this recursion relation has first appeared in [5], in the context of half-soft functions.
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Only the last term in this sum matters 
for MHV amplitudes, which are then 

extracted

BG paper of 1987



Graviton MHV amplitudes
Gravity BG currents can be computed using the same philosophy, starting with the perturbative expansion of Plebanski action

One finds that only a single cubic vertex matters for these calculations
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The recursion relation for the scalar part of the all-plus BG currents

by its scalar part, which can be shown to satisfy the following recursion

J(1|2 . . . n) = 1

↭

(
(q|2 . . . n|p]

[1p]
J(2 . . . n) +

n→1∑

m=2

(q|1 . . .m|m+ 1 . . . n|q)J(1|2 . . .m)J(m+ 1 . . . n)

)
.

(1.3)

Here p is the reference spinor of the negative helicity gluon. The solution to this recursion

is

J(1|2 . . . n) = J(2 . . . n)

(
[2p]

[12][1p]
+

n→1∑

m=2

(q|1 . . .m|1 . . .m+ 1|q)
(1 . . .m)2(1 . . .m+ 1)2

)
. (1.4)

This solution also appears in [3], with the only di!erence being that p was chosen to be 2

in this reference, so that the first term does not arise. While this is a possible choice in the

color-ordered case, there is no analog of this choice in the unordered gravity case, and so

we kept it in the YM formula as well. Thus, (1.4) is a slight generalization of what appears

in [3].

The solution (1.4) can be alternatively described as follows. We can write

J(1|2 . . . n)/J(2 . . . n) = ω(2) + ω(23) + . . .ω(2 . . . n), (1.5)

where the functions ω(2),ω(23), . . . ,ω(2 . . . n) depend solely on the momenta of the particles

that appear as numbers in their arguments. We can also interpret this sum as the sum

over subgraphs (necessarily containing the first node 2) of the simple linear graph on nodes

2 . . . n. Only the last term in this sum contains a factor of 1/↭, where ↭ = (1+2+ . . . n)2,

and so only the last term survives when one uses the all-but-one-plus current to extract the

MHV gluon amplitude. This explains why the Parke-Taylor formula contains the all-plus

current J(2 . . . n) as its most essential building block.

The story for gravity is exactly parallel. Again, the all-plus BG currents have a specific

tensor structure, and are completely described by their scalar part. This scalar part satisfies

the gravitational BG recursion that reads

J(K) =
1

↭




∑

|I|<|J |,I↑J=K

(q|I|J |q)2J(I)J(J )



 . (1.6)

This recursion is more complicated than that in the YM case, where the color-ordering

implies that there is just a single graph on vertices 2 . . . n ordered in a specific way that

is relevant. This means that in the YM case there is only n → 1 ways to split the set of

momenta 1 . . . n into two groups. In the gravity case one must instead consider all possible

splittings of the set of momenta K = {1 . . . n} into subsets I,J . This makes the sum in

(1.6) more complicated. It is also interesting to remark that the gravity all-plus recursion is

a ”square” of the YM all-plus recursion (1.1) in the sense that the factor (q|I|J |q) appears
with its first power in the YM case and squared in the gravity case. As far as we are aware,

this recursion relation has first appeared in [5], in the context of half-soft functions.
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The solution is a sum over graphs (spanning trees)The solution to the recursion (1.6) is given by

J(K) =
∑

!K

J(!K), J(!K) =
∏

i→K
(qi)2ωi↑4

∏

↓jk↔→K

[jk]

(jk)
. (1.7)

Here the sum is taken over all spanning trees !K of the complete graph on vertices 1 . . . n.

Each tree contributes a weight given by the product of factors (qi)2ωi↑4 for each vertex

i → !K. Here ωi is the multiplicity of the vertex, that is the number of edges that connect to

it. The other building block of J(!K) is the product over all edges of the factors [jk]/(jk).

As is explained in [15], this all-plus current can be represented as a reduced determinant,

using the matrix-tree theorem. We note that the all-plus current contains most of the

essential features of the gravity MHV formula [19], in particular in the fact that it is given

by a sum over trees. The fact that (1.7) solves (1.6) is, somewhat implicitly, contained in

[5], and an explicit proof is given in [15].

To determine the gravity MHV amplitudes one needs to compute the all-but-one-plus

BG current. As was shown in [10], and as we show in a di”erent way in the main text, the

scalar part of this current satisfies the following recursion relation

J(1|K) =
1

↭

(
(q|2 . . . n|p]2

[1p]2
J(K) +

∑

|I|<|J |,I↗J=K

(q|I|J |q)2J(1|I)J(J )

)
. (1.8)

Again this recursion relation is very much the ”square” of the YM one (1.3).

The new result of this paper is a solution to this all-but-one-plus gravity recursion

relation. We show that the solution is the sum over all spanning trees !K on the set of

momenta K = {2 . . . n}. Each spanning tree contributes the weight given by the product

of the all-plus scalar current J(!K) for this graph, explicitly given by (1.7) times a factor

#(!K) that depends on the graph

J(1|K) =
∑

!K

#(!K)J(!K). (1.9)

Analogously to the YM case, each #(!K) factor is given by the sum over all subgraphs, so

that we can write

J(1|K) =
∑

!K

J(1|!K), J(1|!K)/J(!K) ↑ #(!K) =
∑

!I↘!K,i=|I|

εi(!I). (1.10)

Each εi(!I) factor is in general given by a sum of several terms, depending on the com-
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Only the last term in this sum matters 
for MHV amplitudes, which are then 

extracted

Complete parallel with the YM case



Conclusions
There is a very powerful formalism that describes 4D Riemannian geometry in terms of triples of 2-forms

These 2-forms are not (normally) globally defined
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⌃ : E ! ⇤+ ⇢ ⇤2One can instead think about a single 2-frame field

Incredibly powerful formalism from which the description of the instanton sector of GR is directly obtainable

The field equations in this formalism are in terms of the exterior derivative operator

Many non-trivial facts about 4D Einstein manifolds are obtained in this formalism in a much simpler way

The linearisation of field equations gives rise to an elliptic complex - analogue of the YM instanton complex

The next step for this formalism is to tackle a problem that is too difficult in normal metric GR

- Numerical Relativity?
- Gravitational self-force?

 Gravity MHV amplitudes can be computed analogously to the YM case



Thank you!


