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Microscopic description of 
Higher Spin Gravity (HSG)?
• HSG [Vasiliev -90-] as Toy Model of Tensionless String


• Similarity: ∞ many massless fields


• Difference: only symmetric tensor fields in HSG


• A microscopic (worldsheet) description of HSG?


• Closed or open string?


• Brane partons [Enquist-Sundell 06] 



Worldline (WL)
• WL action for any particle species (constrained system) [e.g. 

Gershun+ 79, Howe+ 88, Kuzenko+ 95&21, Lyakhovich+ 99, Bastianelli+ 08-, 
Andrzejewski+ 08, Basile+ 24]


• Describe only free theory (on a background)


• For interactions, add junctions and assign junction conditions


• Both vectorial and twistorial descriptions available  

ment in due course. For other twistorial approaches to higher-spin particles in flat space-

time, we refer the reader to [62–65], in which the first quantization of the system leads to

equations closely resembling those of the Vasiliev theory.

The present paper investigates the possibility of interpreting the action (1.2) as a

worldline model for fully interacting HSG, by pursuing the analogy with the worldsheet

theory of strings. Taken at face value, the model appears to describe only the free prop-

agation of massless spinning fields, corresponding to the perturbative spectrum of HSG.

Moreover, the worldline theory as such provides no a priori prescription for gluing the

twistor variables at branching vertices:5

?

This situation, however, is closely analogous to the one familiar from string theory: the

worldsheet action itself describes only free propagation, while the gluing prescription at

interaction vertices is supplied as additional input, naturally interpreted as the smooth

geometric joining of strings.

The central observation of this work is that the worldline model (1.2) naturally admits

a double-line interpretation, in which the two components Z
A
1

and Z
A
2

are regarded as

living on two distinct lines. This double-line structure provides precisely the room needed

to prescribe gluing conditions at each vertex in a geometric manner, in close parallel with

string theory:

Pursuing the string-theoretic analogy further, we introduce a set of vertex operators com-

patible with the picture above. These operators are constructed in an AdS-covariant man-

ner and are shown to satisfy the standard free equations of motion for massless fields in

AdS. Using them, we compute the bulk n-point correlation functions of HSG as n-point

correlators of vertex operators on the worldline. Their boundary limit, with a suitable

rescaling, reproduces the correlation functions of the free boson and free fermion confor-

mal field theories (CFTs), thereby confirming that the worldline model (1.2) is capable of

describing both type-A and type-B HSG.6 Our results also bear a strong resemblance to

5See [66] for a recent proposal of a worldline framework for HSG based on Feynman diagrammatics.
6The holographic correspondence of HSG [67–69] states that the type-A and type-B HSG are dual,

respectively, to the bosonic and fermionic vector model CFTs, with the boundary condition imposed on

the bulk scalar selecting between the free and the critical theory. This correspondence has been verified by

Giombi and Yin for a large class of three-point functions [70–72]; see [73] for a review.
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WL Twistor
• Particular dimensions; Simpler (fewer constraints)


• Connection to spacetime through incidence relation 

• WL twistor for massless field in AdS [Cederwall 00, Arvanitakis+ 
17-; Claus+ 99, Fedoruk+ 14, Mezincescu+ 15]


• HSG spectrum [Cederwall 00]


• Remove the spin constraint 

• Unconstrained action for AdS4



WL Twistor in AdS4

• WL variables


• Symplectic form


• After integration by part

dimensional objects may end. In this picture, a string or brane is built from N elementary

constituents, the partons, each of which lives on the boundary of AdS and behaves as a

free singleton. The extended object is then recovered in the large-N limit: as N → ↑, the

symmetric collective state of N singletons is conjectured to develop an emergent worldsheet

together with a Chan–Paton structure, with the worldsheet itself arising geometrically

from the collective dynamics of the partons. From a representation-theoretic standpoint,

this construction generalizes the Flato–Fronsdal theorem [29]: rather than tensoring two

singletons to obtain the tower of massless higher-spin fields, one symmetrically tensors

arbitrarily many—see, e.g., [30]—to generate extended objects such as strings.

The worldsheet theory of strings may be illuminated by drawing an analogy with the

worldline formulation of a relativistic particle. This idea is supported by a substantial body

of work on the worldline side, in which the formulation has been generalized to particles with

spin, typically through the introduction of additional spin variables together with a suitable

set of constraints [31–41]. Both worldsheet string theory and these worldline theories share

the use of position variables, which lends them an intuitive physical interpretation. By

contrast, the twistor formulations of worldline particles [42–53] and worldsheet strings [54–

58] are less transparent from this standpoint, but o!er a substantial advantage in simplicity,

typically involving fewer variables and constraints.4

Of particular relevance to the present work is the twistor formulation of massless

higher-spin fields in AdS4, AdS5, and AdS7 [46, 49–51], realized in terms of real, complex,

and quaternionic twistors, respectively. These models are described by a one-derivative

Hamiltonian action in which half of the twistor variables are position-like and the remaining

half are momentum-like. The Hamiltonian itself consists entirely of constraints, enforced

through Lagrange multipliers. Among these, one constraint is specifically responsible for

fixing the spin of the underlying particle, taking the form

C = S ↓ s ↔ 0 , (1.1)

where C denotes the constraint imposed with its Lagrange multiplier partner, S is a simple

function of the twistor variables, and s is the spin of the particle.

In [61], Cederwall observed that, upon dropping the spin constraint (1.1) from the

full set of constraints, the resulting model describes a particle spectrum identical to that

of HSG. The case of AdS4 is especially simple: here, (1.1) is in fact the only constraint

present, so that removing it yields a remarkably simple unconstrained action with vanishing

Hamiltonian,

S =

∫
”AB ZA · dZB

, (1.2)

where ”AB is the symplectic form, A,B are Sp(4,R) vector indices, and ZA itself carries

two components (ZA
1
, Z

A
2
), with the inner product defined as ZA ·WB = Z

A
1
W

B
1
+Z

A
2
W

B
2
.

This internal two-component structure encodes a dual group, on whose role we shall com-

4There also exists an approach known as tensorial space, which attempts to generalize the twistorial

description to a general Sp(2n,R) group and to extend the notion of spacetime accordingly. Interested

readers can consult, e.g., [59, 60].
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a loop expansion organized by worldsheet topology, and an unoriented projection with

associated Chan–Paton structure—become considerably more transparent. We close with

a number of future directions.

The paper is supplemented by three appendices to which various technical details

are relegated. They summarize our notations and conventions, discuss the connection to

Howe duality, and present the details of Gaussian integral and its expansion in the radial

coordinates z.

2 Worldline model as free theory

In this section, we study the worldline model (1.2) as a free theory and identify its physical

states with massless higher-spin fields in AdS4.

The twistor variable ZA = (ZA
1
, Z

A
2
) in the action (1.2) decomposes into position- and

momentum-like variables ωω = (ω1ω, ω2ω) and εω = (ε1ω,ε2ω) as

ZA =

(
ωω

εω

)
=

(
ω1

ω
ω2

ω

ε1ω ε2ω

)
, with ϑ = 1, 2 . (2.1)

With the symplectic form

!AB =
1

2

(
0 →ϖ

ω

ε

ϖ
ε
ω 0

)
, (2.2)

and after integration by parts, the action (1.2) reduces to

S = →
∫

dεω · ωω . (2.3)

This simple action governs the transition amplitude between two states |”1↑ and |”2↑,

↓”2|”1↑ =
∫

DZ ↓”2|ε(eI)↑ ↓ε(sI)|”1↑ exp
(
→i

∫

I

dεω · ωω
)
, (2.4)

where sI and eI denote the starting and ending points of a worldline interval I, and

DZ = DωDε is the path integral measure. The transition between |”1↑ at sI and |”2↑ at
eI, with time flowing from the starting to the ending point, may be depicted as follows:

eI
↓”2|

sI
|”1↑

I

Since the worldline action (2.3) is first-order in derivatives, a boundary condition may be

imposed on either ωω or εω in ZA = (ωω,εω). We choose to fix εω at the boundary, so

that physical states are naturally described by wave functions of the boundary value of εω.

Because the action (2.3) is topological—with no Hamiltonian—the path integral re-

duces to an ordinary integral. Parametrizing the worldline I by ϱ and discretizing, one
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Internal or dual indices



Quantized WL

• Path Integral


• Due to trivial Hamiltonian, the above reduces to


• Simpler in canonical quantization, but useful to keep the 
path integral picture in mind
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DZ = DωDε is the path integral measure. The transition between |”1↑ at sI and |”2↑ at
eI, with time flowing from the starting to the ending point, may be depicted as follows:

eI
↓”2|

sI
|”1↑

I

Since the worldline action (2.3) is first-order in derivatives, a boundary condition may be

imposed on either ωω or εω in ZA = (ωω,εω). We choose to fix εω at the boundary, so

that physical states are naturally described by wave functions of the boundary value of εω.

Because the action (2.3) is topological—with no Hamiltonian—the path integral re-

duces to an ordinary integral. Parametrizing the worldline I by ϱ and discretizing, one
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finds
∫

DωDε →!2|ε(ωf )↑→ε(ωi)|!1↑ exp
(
↓i

∫
ωf

ωi

dω εωεε · ωε
)

= lim
N→↑

∫
d4ε(ω0)

(2ϑ)2

(
N∏

n=1

d4ω(ωn)

(2ϑ)2
d4ε(ωn)

(2ϑ)2

)
→!2|ε(ωN )↑→ε(ω0)|!1↑ ↔

↔ exp

(
↓i

N∑

n=1

(εε(ωn)↓ εε(ωn↓1)) · ωε(ωn)
)
, (2.5)

where the endpoints sI and eI correspond to ω0 and ωN , respectively. The ω(ωn) integrals

produce delta functions ϖ
4(εε(ωn) ↓ εε(ωn↓1)), which subsequently identify ε(ωn) with

ε(ωn↓1). Performing these integrals for n = 1, . . . , N , the discretized path integral collapses

to the single integral ∫
d4ε(ω0)

(2ϑ)2
→!2|ε(ω0)↑→ε(ω0)|!1↑ , (2.6)

where the ω0 dependence is immaterial since ε(ω0) is itself an integration variable. The

path integral therefore amounts to inserting the completeness relation,

I =
∫

d4ε

(2ϑ)2
|ε↑→ε| , (2.7)

between →!2| and |!1↑.
Consequently, upon quantization, the Hilbert space H of the worldline theory (2.3) is

realized as the space of momentum eigenfunctions !(ε) = →ε|!↑ = →ϑ1,ϑ2|!↑, on which

the position variables ϱ
ε
1
and ϱ

ε
2
act as the di”erential operators i ε/εϑ1ε and i ε/εϑ2ε,

respectively. The spectrum of (2.3) contains twice the field content of Vasiliev’s HSG,

namely the massless fields of spin s = 0, 1, 2, . . .. For each s ↗ 1, the two copies of the

spin-s irrep arise as the eigenspaces of the spin operator

S =
1

2

(
ϑ1ε

ε

εϑ2ε
↓ ϑ2ε

ε

εϑ1ε

)
, (2.8)

with eigenvalues ±s.7 We emphasize that the S = ±s eigenspaces do not correspond to

the helicity-±s irreps, but rather to two copies of the same spin-s irrep (see Appendix B

for further discussion). The S = 0 eigenspace, on the other hand, contains the scalar and

pseudo-scalar irreps, which are inequivalent but share the same mass squared.

To construct the states created by AdS4 field operators in this Hilbert space, we con-

sider the AdS4 isometry algebra so(2, 3) ↘ sp(4,R), generated by

Pεϑ = εε · εϑ , K
εϑ = ↓ ε

εεε

· ε

εεϑ

, Lε
ϑ = ↓i

(
εε · ε

εεϑ

+ ϖ
ϑ

ε

)
, (2.9)

where Pεϑ generates transverse translations with respect to the boundary, D = 1

2
Lε

ε

generates radial translations, Jεϑ = L(ε
ϖ
ςϑ)ϖ generates transverse Lorentz transformations,

7The spin operator (2.8) corresponds to the S appearing in the constraint (1.1) of the constrained mass-

less spin-s action. Our worldline model is the unconstrained version, obtained by removing this constraint.
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and Bωε = 1

2
(Pωε →Kωε) generates boosts that mix the transverse and radial directions.8

It will also be convenient to introduce the parity maps Pω and S, defined by

P1

(
ωI1

ωI2

)
=

(
→ωI1

ωI2

)
, P2

(
ωI1

ωI2

)
=

(
ωI1

→ωI2

)
, S

(
ωI1

ωI2

)
=

(
ωI2

ωI1

)
. (2.10)

The maps P1 and P2 flip the µ = 1 and µ = 2 spatial directions, respectively, and are

related by an element of the identity component of Sp(4,R). Throughout this paper, we

use spinor indices to denote three-dimensional vectors; see Appendix A for the vector–

spinor dictionary.

Since an AdS4 field operator O(x, ε) transforms covariantly under AdS isometry, its

value at any point is determined by its value at a reference point o as

O(x, ε) = e
i
2
x
ωε

Pωε e
→i ϑD O(o) ei ϑD e

→
i
2
x
ωε

Pωε , (2.11)

where x
ωε and ε are the Poincaré patch coordinates,

ds2 = dε2 + e
2ϑ dx2 =

dz2 + dx2

z2
, (2.12)

with the AdS radius set to unity for simplicity. The asymptotic boundary lies at z = 0,

i.e., ε = +↑. We use z = e
→ϑ and ε interchangeably whenever convenient.

2.1 Scalar field in AdS4

As a first example, we compute the wave function ↓ω|!(x, z) |”↔ created by the scalar field

operator !(x, z). Assuming AdS4-invariance of the vacuum and using (2.11), we find

↓ω|!(x, z) |”↔ = e
i
2
x
ωε ωω·ωε z ↓

↗
z ω|!(o) |”↔ , (2.13)

which reduces the problem to evaluating the wave function ↓ω|!(o) |”↔ at the origin o =

(ε = 0, xωε = 0). Imposing invariance under the transverse Lorentz generator Jωε yields

the di#erential equation

0 = ↓ω| [Jωε ,!(o)] |”↔ = iω(ω · ϑ

ϑωε)
↓ω|!(o) |”↔ , (2.14)

whose general solution is

↓ω|!(o) |”↔ = f(↓ω1ω2↔) , (2.15)

where we use the notation ↓ϖϱ↔ = ς
ωε

ϖω ϱε = ϖω ϱ
ω. Imposing in addition invariance

under the boost generator Bωε gives

0 = ↓ω| [Bωε ,!(o)] |”↔ =
1

2

(
ωω · ωε +

ϑ

ϑωω
· ϑ

ϑωε

)
↓ω|!(o) |”↔

=
1

2
ωω · ωε

(
d
2

dy2
+ 1

)
f(y)

∣∣∣
y=↑ϖ1ϖ2↓

. (2.16)

8Equivalently, viewed as generators of three-dimensional conformal symmetry, Pωε and Kωε generate

translations and special conformal transformations, while Jωε and D generate Lorentz transformations and

dilatations. See Appendix A for further conventions.
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The general solution involves two arbitrary constants c+ and c→,

→ω|!(x, z) |”↑ = e
i
2
x
ωε ωω·ωε z

[
c+ e

+i z ↑ω1ω2↓ + c→ e
→i z ↑ω1ω2↓

]
. (2.17)

One can verify that (2.17) satisfies the Klein–Gordon equation

[
(z ωz)

2 ↓ 3 z ωz + z
2
ω
2

x ↓m
2
]
→ω|!(x, z) |”↑ = 0 with m

2 = ↓2 , (2.18)

where the mass squared is that of a conformal scalar in four dimensions. Note that the

solution (2.17) transforms as c+ ↔ c→ under the parity map. Therefore, c+ = c→ de-

fines a genuine (parity-even) scalar, while c+ = ↓c→ defines a pseudo-scalar (parity-odd).

These two fields may be identified with the scalars of type-A and type-B HSG in AdS4,

respectively.

Boundary conditions. From (2.17) we read o# the boundary behavior near z = 0.

The scalar and pseudo-scalar identifications correspond, respectively, to the Dirichlet and

Neumann boundary conditions, with fall-o#s O(z) and O(z2):

Dirichlet (c+ = +c→) : →ω|!(x, z) |”↑ = 2 c+ e
i
2
x
ωε ωω·ωε z cosh(i z →ε1ε2↑)

↗ 2 c+ z e
i
2
x
ωε ωω·ωε , (2.19a)

Neumann (c+ = ↓c→) : →ω|!(x, z) |”↑ = 2 c+ e
i
2
x
ωε ωω·ωε z sinh(i z →ε1ε2↑)

↗ 2 c+ z
2
i→ε1ε2↑ e

i
2
x
ωε ωω·ωε , (2.19b)

where ↗ denotes the leading behavior as z ↘ 0.

Two-point functions. From the reality condition !(x, z)† = !(x, z), the two-point

function is

→”|!(x, z)!(x↔, z↔) |”↑ =
∫

d4ω

(2ε)2
→”|!(x, z) |ω↑→ω|!(x↔, z↔) |”↑

=

∫
d4ω

(2ε)2
e
→

i
2
(x

ωε
→x

→ωε
)ωω·ωε z z

↔

(
|c+|2 ei (z

→
→z)↑ω1ω2↓ + |c→|2 e→i (z

→
→z)↑ω1ω2↓

+ c
↗

+ c→ e
→i (z

→
+z)↑ω1ω2↓ + c

↗

→ c+ e
i (z

→
+z)↑ω1ω2↓

)
, (2.20)

The Gaussian ω-integral gives

→”|!(x, z)!(x↔, z↔) |”↑ =
|c+|

2
+|c↑|

2

2

Dist2(x, z|x↔, z↔)
+

c
↓
+
c↑+c

↓
↑ c+

2

Dist2(x,↓z|x↔, z↔)
, (2.21)

where Dist2(x, z|x↔, z↔) is the squared chordal distance between (x, z) and (x↔, z↔),

Dist2(x, z|x↔, z↔) = (x↓ x
↔)2 + (z ↓ z

↔)2

2 z z↔
. (2.22)

A noteworthy feature is the appearance of Dist2(x,↓z|x↔, z↔), the squared distance between

(x↔, z↔) and the point (x,↓z). The point (x,↓z) may be interpreted as the mirror image of
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i
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x
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where ↗ denotes the leading behavior as z ↘ 0.
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function is

→”|!(x, z)!(x↔, z↔) |”↑ =
∫
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(2ε)2
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=

∫
d4ω

(2ε)2
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→

i
2
(x

ωε
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→ωε
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→
→z)↑ω1ω2↓ + |c→|2 e→i (z

→
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+ c
↗

+ c→ e
→i (z

→
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↗
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→
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)
, (2.20)

The Gaussian ω-integral gives

→”|!(x, z)!(x↔, z↔) |”↑ =
|c+|

2
+|c↑|

2

2

Dist2(x, z|x↔, z↔)
+

c
↓
+
c↑+c

↓
↑ c+

2

Dist2(x,↓z|x↔, z↔)
, (2.21)

where Dist2(x, z|x↔, z↔) is the squared chordal distance between (x, z) and (x↔, z↔),

Dist2(x, z|x↔, z↔) = (x↓ x
↔)2 + (z ↓ z

↔)2

2 z z↔
. (2.22)

A noteworthy feature is the appearance of Dist2(x,↓z|x↔, z↔), the squared distance between

(x↔, z↔) and the point (x,↓z). The point (x,↓z) may be interpreted as the mirror image of
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(x, z) across the asymptotic boundary, or equivalently as its antipodal image if global AdS

is covered by two Poincaré charts with z > 0 and z < 0:

(x, z)Mirror = (x,→z) = (x, z)Antipodal . (2.23)

Since AdS behaves as a box with a reflective boundary, both the Dirichlet and Neumann

boundary conditions require the inclusion of this mirror (or antipodal) contribution [79, 80];

see [81, 82] for a modern account of the related issues.

The boundary behavior of the two-point function is easily extracted. For the Dirichlet

condition (c+ = c→),

↑!|”(x, z)”(x↑, z↑) |!↓ ↔ |c+|2
(x→ x↑)2

z z
↑
, (2.24a)

while for the Neumann condition (c+ = →c→),

↑!|”(x, z)”(x↑, z↑) |!↓ ↔ |c+|2
(x→ x↑)4

z
2
z
↑2
. (2.24b)

2.2 Spin-s field in AdS4

We now turn to the wave functions created by massless spin-s fields. Because of the

gauge symmetries present for s ↗ 1, the construction used above for the scalar does not

uniquely determine the field, as explained in [83]. Nevertheless, we can still determine the

corresponding Weyl tensors C
(s)
µ1...µs,ω1...ωs of the totally symmetric rank-s massless gauge

fields ω(s)
µ1...µs up to a coe#cient ambiguity.

Recall that the Weyl tensors are gauge-invariant field strengths in the (s, s) repre-

sentation of of sl(2,C) ↔ so(1, 3), obtained by taking s curls of a spin-s gauge field and

projecting onto the traceless part. In four dimensions, they decompose into self-dual (SD)

and anti-self-dual (ASD) parts, carrying the (2s, 0) and (0, 2s) irreps, respectively. In spinor

notation, these SD/ASD parts are symmetric rank-2s tensors, with dotted and undotted

indices related by Hermitian conjugation. By (anti-)self-duality, they are determined by

their transverse components, which form symmetric rank-2s tensors of sl(2,R) ↔ so(1, 2).

Since the dotted/undotted distinction is then absent, we use undotted indices through-

out, denoting the SD and ASD Weyl tensors by C
(+s)
ε1···ε2s and C

(→s)
ε1···ε2s . Without loss of

generality, we focus on the SD case, since

C
(→s)
ε1···ε2s

= (C(+s)
ε1···ε2s

)† . (2.25)

Imposing self-duality alone would amount to setting the ASD fields to zero, leading to

non-unitary results unless the signature is changed to (0, 4) or (2, 2).

As in the scalar case, AdS4 covariance relates the Weyl tensor at any point to its value

at the origin,

C
(+s)
ε1···ε2s

(x, ε) = e
i
2
x
ωε

Pωε e
→i ϑD

C
(+s)
ε1···ε2s

(o) ei ϑD e
→

i
2
x
ωε

Pωε , (2.26)

and it su#ces to determine C
(+s)
ε1···ε2s(o) via bulk Lorentz covariance. The generators of

sl(2,C) are
Rεϖ = Jεϖ + i Bεϖ , and R

†

εϖ
, (2.27)
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• Polarization spinor
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Since the dotted/undotted distinction is then absent, we use undotted indices through-
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and it su#ces to determine C
(+s)
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satisfying

[Rωε , Rϑϖ] = i
(
ωϑ(ωRε)ϖ + ωϖ(ωRε)ϑ

)
, [Rωε , R

†

ϑϖ
] = 0 . (2.28)

A SD spin-s tensor, transforming in the (2s, 0) irrep, must obey

[Rωε , C
(+s)
ϑ1···ϑ2s

(o)] =
2s∑

n=1

ω(ω|ϑn C
(+s)

ϑ1···|ε)|···ϑ2s
(o) , (2.29a)

[R†

ωε
, C

(+s)
ϑ1···ϑ2s

(o)] = 0 . (2.29b)

Solving these conditions as in the scalar case gives

→ω|C(+s)
ω1···ω2s

(o) |!↑ = c
(+s)

+
e
+i→ϱ1ϱ2↑ (ε1 + iε2)(ω1

· · · (ε1 + iε2)ω2s)

+ c
(+s)

↓ e
↓i→ϱ1ϱ2↑(ε1 ↓ iε2)(ω1

· · · (ε1 ↓ iε2)ω2s)
, (2.30)

with two undetermined coe”cients c(+s)

± for each spin. Since we focus on free fields in this

section and di#erent spins do not mix, we drop the spin dependence and write c
(+s)

± = c
(+)

± .

It is then convenient to introduce a generating function that packages all SD Weyl

tensors together with the scalar,

C
(+)(x, z; v) =

↔∑

2s=0

1

(2s)!
v
ω1 · · · vω2s C

(+s)
ω1···ω2s

(x, z) , (2.31)

from which a single spin-s Weyl tensor may be extracted as

C
(+s)
ω1...ω2s

(x, z) =
ϑ

ϑvω1

. . .
ϑ

ϑvω2s
C

(+)(x, z; v)
∣∣∣
v=0

. (2.32)

Repeating the scalar-case treatment, the SD wave function reads

→ω|C(+)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
c
(+)

+
e
+i z→ϱ1ϱ2↑+

↗
z→(ϱ1+iϱ2)v↑ + c

(+)

↓ e
↓i z→ϱ1ϱ2↑+

↗
z→(ϱ1↓iϱ2)v↑

]
, (2.33a)

and similarly for the ASD Weyl tensor,

→ω|C(→)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
c
(→)

+
e
+i z→ϱ1ϱ2↑+

↗
z→(ϱ1↓iϱ2)v↑ + c

(→)

↓ e
↓i z→ϱ1ϱ2↑+

↗
z→(ϱ1+iϱ2)v↑

]
. (2.33b)

As in the scalar case, one verifies that the individual spin-s wave functions satisfy the

Bargmann–Wigner equations, the higher-spin generalization of the source-free Maxwell

equations projected onto the SD and ASD sectors:
[
z ϑω

ε1 + i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(+s)

ε1···ε2s
(x, z) |!↑ = 0 , (2.34a)

[
z ϑω

ε1 ↓ i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(→s)

ε1···ε2s
(x, z) |!↑ = 0 . (2.34b)

Together with (2.29a), this confirms that (2.33a) and (2.33b) are the wave functions created

by the SD and ASD spin-s Weyl tensors.

– 10 –

<latexit sha1_base64="onkTT/FbC6gXLKkswoZyQkUvT3k=">AAACK3icdVDLSgMxFM3UV62vUZdugkWoiGVGfC1L3bhUsCq0tWTSWxuayQzJHbEM/R83/ooLXfjArf9hWmehVg8kHM45l+SeIJbCoOe9OrmJyanpmfxsYW5+YXHJXV45N1GiOdR4JCN9GTADUiiooUAJl7EGFgYSLoLe0dC/uAFtRKTOsB9DM2TXSnQEZ2illls9ukobhmsRY3ZjXwItbZnNQQPhFlPKVJsO/olt21jLLXplbwQ6TvyMFEmGk5b72GhHPAlBIZfMmLrvxdhMmUbBJQwKjcRAzHiPXUPdUsVCMM10tOuAblilTTuRtkchHanfJ1IWGtMPA5sMGXbNb28o/uXVE+wcNlOh4gRB8a+HOomkGNFhcbQtNHCUfUuYrcD+lfIu04yjrbdgS/B/rzxOznfK/n5573S3WKlmdeTJGlknJeKTA1Ihx+SE1Agnd+SBPJMX5955ct6c969ozslmVskPOB+fveiolQ==</latexit>

C(+s) and C(→s)



Free Spin s
• AdS4 Covariance


• Satisfy Bargmann eq


• Gaussian function


• Dirichlet BC


• Helicity ≠ Spin constraint eigenvalue

satisfying

[Rωε , Rϑϖ] = i
(
ωϑ(ωRε)ϖ + ωϖ(ωRε)ϑ

)
, [Rωε , R

†

ϑϖ
] = 0 . (2.28)

A SD spin-s tensor, transforming in the (2s, 0) irrep, must obey

[Rωε , C
(+s)
ϑ1···ϑ2s

(o)] =
2s∑

n=1

ω(ω|ϑn C
(+s)

ϑ1···|ε)|···ϑ2s
(o) , (2.29a)

[R†

ωε
, C

(+s)
ϑ1···ϑ2s

(o)] = 0 . (2.29b)

Solving these conditions as in the scalar case gives

→ω|C(+s)
ω1···ω2s

(o) |!↑ = c
(+s)

+
e
+i→ϱ1ϱ2↑ (ε1 + iε2)(ω1

· · · (ε1 + iε2)ω2s)

+ c
(+s)

↓ e
↓i→ϱ1ϱ2↑(ε1 ↓ iε2)(ω1

· · · (ε1 ↓ iε2)ω2s)
, (2.30)

with two undetermined coe”cients c(+s)

± for each spin. Since we focus on free fields in this

section and di#erent spins do not mix, we drop the spin dependence and write c
(+s)

± = c
(+)

± .

It is then convenient to introduce a generating function that packages all SD Weyl

tensors together with the scalar,

C
(+)(x, z; v) =

↔∑

2s=0

1

(2s)!
v
ω1 · · · vω2s C

(+s)
ω1···ω2s

(x, z) , (2.31)

from which a single spin-s Weyl tensor may be extracted as

C
(+s)
ω1...ω2s

(x, z) =
ϑ

ϑvω1

. . .
ϑ

ϑvω2s
C

(+)(x, z; v)
∣∣∣
v=0

. (2.32)

Repeating the scalar-case treatment, the SD wave function reads

→ω|C(+)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
c
(+)

+
e
+i z→ϱ1ϱ2↑+

↗
z→(ϱ1+iϱ2)v↑ + c

(+)

↓ e
↓i z→ϱ1ϱ2↑+

↗
z→(ϱ1↓iϱ2)v↑

]
, (2.33a)

and similarly for the ASD Weyl tensor,

→ω|C(→)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
c
(→)

+
e
+i z→ϱ1ϱ2↑+

↗
z→(ϱ1↓iϱ2)v↑ + c

(→)

↓ e
↓i z→ϱ1ϱ2↑+

↗
z→(ϱ1+iϱ2)v↑

]
. (2.33b)

As in the scalar case, one verifies that the individual spin-s wave functions satisfy the

Bargmann–Wigner equations, the higher-spin generalization of the source-free Maxwell

equations projected onto the SD and ASD sectors:
[
z ϑω

ε1 + i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(+s)

ε1···ε2s
(x, z) |!↑ = 0 , (2.34a)

[
z ϑω

ε1 ↓ i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(→s)

ε1···ε2s
(x, z) |!↑ = 0 . (2.34b)

Together with (2.29a), this confirms that (2.33a) and (2.33b) are the wave functions created

by the SD and ASD spin-s Weyl tensors.

– 10 –

satisfying

[Rωε , Rϑϖ] = i
(
ωϑ(ωRε)ϖ + ωϖ(ωRε)ϑ

)
, [Rωε , R

†

ϑϖ
] = 0 . (2.28)

A SD spin-s tensor, transforming in the (2s, 0) irrep, must obey

[Rωε , C
(+s)
ϑ1···ϑ2s

(o)] =
2s∑

n=1

ω(ω|ϑn C
(+s)

ϑ1···|ε)|···ϑ2s
(o) , (2.29a)

[R†

ωε
, C

(+s)
ϑ1···ϑ2s

(o)] = 0 . (2.29b)

Solving these conditions as in the scalar case gives

→ω|C(+s)
ω1···ω2s

(o) |!↑ = c
(+s)

+
e
+i→ϱ1ϱ2↑ (ε1 + iε2)(ω1

· · · (ε1 + iε2)ω2s)

+ c
(+s)

↓ e
↓i→ϱ1ϱ2↑(ε1 ↓ iε2)(ω1

· · · (ε1 ↓ iε2)ω2s)
, (2.30)

with two undetermined coe”cients c(+s)

± for each spin. Since we focus on free fields in this

section and di#erent spins do not mix, we drop the spin dependence and write c
(+s)

± = c
(+)

± .

It is then convenient to introduce a generating function that packages all SD Weyl

tensors together with the scalar,

C
(+)(x, z; v) =

↔∑

2s=0

1

(2s)!
v
ω1 · · · vω2s C

(+s)
ω1···ω2s

(x, z) , (2.31)

from which a single spin-s Weyl tensor may be extracted as

C
(+s)
ω1...ω2s

(x, z) =
ϑ

ϑvω1

. . .
ϑ

ϑvω2s
C

(+)(x, z; v)
∣∣∣
v=0

. (2.32)

Repeating the scalar-case treatment, the SD wave function reads

→ω|C(+)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
c
(+)

+
e
+i z→ϱ1ϱ2↑+

↗
z→(ϱ1+iϱ2)v↑ + c

(+)

↓ e
↓i z→ϱ1ϱ2↑+

↗
z→(ϱ1↓iϱ2)v↑

]
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→ω|C(→)(x, z; v) |!↑

= e
i
2
x
ωε ωω·ωε z

[
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+
e
+i z→ϱ1ϱ2↑+
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z→(ϱ1↓iϱ2)v↑ + c

(→)

↓ e
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↗
z→(ϱ1+iϱ2)v↑

]
. (2.33b)

As in the scalar case, one verifies that the individual spin-s wave functions satisfy the

Bargmann–Wigner equations, the higher-spin generalization of the source-free Maxwell

equations projected onto the SD and ASD sectors:
[
z ϑω

ε1 + i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(+s)

ε1···ε2s
(x, z) |!↑ = 0 , (2.34a)

[
z ϑω

ε1 ↓ i (zϑz + s+ 1) ϖε1

ω

]
→ω|C(→s)

ε1···ε2s
(x, z) |!↑ = 0 . (2.34b)

Together with (2.29a), this confirms that (2.33a) and (2.33b) are the wave functions created

by the SD and ASD spin-s Weyl tensors.
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Boundary conditions. Every field in AdS4 must be supplemented by a suitable bound-

ary condition. For massless spin-s fields, the only boundary condition consistent with AdS4
covariance and unitarity is the Dirichlet condition, which sets the leading boundary behav-

ior of the gauge potential to zero. A short proof of this statement will appear elsewhere;

see also [84, 85] for related discussions in the gravitational case.

Working with Weyl tensors rather than gauge potentials, we must translate this con-

dition appropriately. Near the boundary, the SD and ASD Weyl tensors behave as

→ω|C(+)(x, z; v) |!↑ ↓ e
i
2
x
ωε ωω·ωε

→∑

2s=0

z
s+1

(
c
(+)

+

↑(ω1+iω2)v↓
2s

(2s)!
+ c

(+)

↔

↑(ω1↔iω2)v↓
2s

(2s)!

)
, (2.35a)

→ω|C(→)(x, z; v) |!↑ ↓ e
i
2
x
ωε ωω·ωε

→∑

2s=0

z
s+1

(
c
(→)

+

↑(ω1↔iω2)v↓
2s

(2s)!
+ c

(→)

↔

↑(ω1+iω2)v↓
2s

(2s)!

)
. (2.35b)

The “electric” and “magnetic” parts of the Weyl tensor,

C
(E) = 1

2

(
C

(+) + C
(→)

)
, C

(M) = i

2

(
C

(+) ↔ C
(→)

)
, (2.36)

exhibit the same fall-o” O(zs+1) but correspond to di”erent boundary objects. The bound-

ary value of C
(E)

ε1···ε2s encodes the physical degrees of freedom and corresponds, via the

holographic dictionary, to a traceless conserved current J
ε1···ε2s in CFT3. The boundary

value of C(M)

ε1···ε2s , on the other hand, is the higher-spin generalization of the Cotton tensor

[86, 87] of the boundary value of the gauge potential ω(s)
ε1···ε2s , which sources the current

J
ε1···ε2s .

Imposing the Dirichlet boundary condition amounts to setting the boundary value of

the magnetic Weyl tensor to zero, which relates the coe#cients as

c
(+)

+
= c

(→)

↔ = c+ , c
(+)

↔ = c
(→)

+
= c↔ . (2.37)

Note that two undetermined constants c+ and c↔ remain even after imposing the boundary

condition. This ambiguity reflects the fact that the Hilbert space of our worldline model

contains the spin-s irrep twice.

Two-point functions. We now compute the two-point functions. The mixed-helicity

two-point function reads

→!|C(→)(x, z; v)C(+)(x↗, z↗; v↗) |!↑ =

=
(|c+|2 + |c↔|2) e↔2i

↘
zz↑ ↑v|P (x,z;x

↑
,z

↑
)|v

↑
↓

2Dist2(x, z;x↗, z↗)
+

c
≃
+c↔ + c

≃
↔c+

2Dist2(x,↔z;x↗, z↗)
, (2.38)

where the last term is the scalar contribution, and the Pεϑ structure is

Pεϑ(x, z;x
↗
, z

↗) =
(x↔ x

↗)εϑ + i (z ↔ z
↗) εεϑ

(x↔ x↗)2 + (z ↔ z↗)2
, (2.39)

where we used the notation →v|V |w↑ = v
ε
Vεϑ w

ϑ . This two-point function describes

the propagation of positive-helicity states created by the SD fields. The negative-helicity
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+
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propagation can be computed in a similar manner:

→!|C(+)(x, z; v)C(→)(x→, z→; v→) |!↑

=
(|c+|2 + |c↑|2) e↑2i

↓
zz↑ ↔v|P̄ (x,z;x

↑
,z

↑
)|v

↑
↗

2Dist2(x, z;x→, z→)
+

c
↘
+c↑ + c

↘
↑c+

2Dist2(x,↓z;x→, z→)
. (2.40)

Interestingly, the same-helicity two-point functions,

→!|C(+)(x, z; v)C(+)(x→, z→; v→) |!↑ =

=
(|c+|2 + |c↑|2) e↑2i

↓
zz↑ ↔v|P̄ (x,↑z;x

↑
,z

↑
)|v

↑
↗

2Dist2(x,↓z;x→, z→)
+

c
↘
+c↑ + c

↘
↑c+

2Dist2(x, z;x→, z→)
, (2.41)

and its complex conjugate →!|C(→)
C

(→) |!↑, do not vanish. As is evident from their struc-

ture, these non-vanishing same-helicity correlators may be interpreted as mirror-image

contributions of the mixed-helicity ones: a massless spin-s field can flip its helicity upon

reflection o” the boundary.

The boundary behavior of these two-point functions deserves careful analysis. To this

end, it is useful to work with the rescaled Weyl tensor 1

z
C

(±)(x, z; v
↓
z
), which makes the

boundary limit more transparent. The rescaling introduces a factor of 1/zs+1 for each Weyl

tensor, yielding the leading behavior

lim
z,z↑≃0

→!| 1
z
C

(→)(x, z; v
↓
z
) 1

z↑ C
(+)(x→, z→; v

↑
↓
z↑
) |!↑

= (|c+|2 + |c↑|2)




exp

(
↓2i →v| x↑x

↑

(x↑x↑)2 |v
→↑
)

(x↓ x→)2
+ 2ω2 →v v→↑F

(
→v| ω

ωx
|v→↑

)
ε
3(x↓ x

→)



 , (2.42)

with

F (y) =
⇐∑

n=0

i
n
y
n

n! (n+ 1)!
=

I1(2
↔
i y)↔

i y
. (2.43)

The second term is a local contact term arising from the boundary limit,

lim
z≃0

xε1ϑ1
· · ·xεnϑn z

(x2 + z2)2+n
=

(↓2)↑n
ω
2

(n+ 1)!
ϑε1ϑ1

· · · ϑεnϑn ε
3(x) . (2.44)

This contact term is parity-odd and can be interpreted as a higher-spin extension of Chern–

Simons theory: for spin s, it arises from the contraction of the spin-s gauge potential with

the corresponding (2s↓ 1)-derivative higher-spin Cotton tensor on the boundary [86, 87].

This boundary local functional may itself emerge from a higher-spin generalization of a

topological bulk action of the type
∫
F ↗ F in four dimensions.

Ultimately, we are interested in the correlation functions of the electric Weyl tensor

C
(E), whose boundary limits correspond to the conserved current correlators in CFT3.

Combining the various contributions, the two-point function

→!|C(E)
C

(E) |!↑ = 1

4

∑

ϖ=±

∑

ϖ↑=±

→!|C(ω)
C

(ω↑
) |!↑ (2.45)
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dition appropriately. Near the boundary, the SD and ASD Weyl tensors behave as

→ω|C(+)(x, z; v) |!↑ ↓ e
i
2
x
ωε ωω·ωε

→∑

2s=0

z
s+1

(
c
(+)

+

↑(ω1+iω2)v↓
2s

(2s)!
+ c

(+)

↔

↑(ω1↔iω2)v↓
2s

(2s)!

)
, (2.35a)

→ω|C(→)(x, z; v) |!↑ ↓ e
i
2
x
ωε ωω·ωε

→∑

2s=0

z
s+1

(
c
(→)

+

↑(ω1↔iω2)v↓
2s

(2s)!
+ c

(→)

↔

↑(ω1+iω2)v↓
2s

(2s)!

)
. (2.35b)

The “electric” and “magnetic” parts of the Weyl tensor,

C
(E) = 1

2

(
C

(+) + C
(→)

)
, C

(M) = i

2

(
C

(+) ↔ C
(→)

)
, (2.36)

exhibit the same fall-o” O(zs+1) but correspond to di”erent boundary objects. The bound-

ary value of C
(E)

ε1···ε2s encodes the physical degrees of freedom and corresponds, via the

holographic dictionary, to a traceless conserved current J
ε1···ε2s in CFT3. The boundary

value of C(M)

ε1···ε2s , on the other hand, is the higher-spin generalization of the Cotton tensor

[86, 87] of the boundary value of the gauge potential ω(s)
ε1···ε2s , which sources the current

J
ε1···ε2s .

Imposing the Dirichlet boundary condition amounts to setting the boundary value of

the magnetic Weyl tensor to zero, which relates the coe#cients as

c
(+)

+
= c

(→)

↔ = c+ , c
(+)

↔ = c
(→)

+
= c↔ . (2.37)

Note that two undetermined constants c+ and c↔ remain even after imposing the boundary

condition. This ambiguity reflects the fact that the Hilbert space of our worldline model

contains the spin-s irrep twice.

Two-point functions. We now compute the two-point functions. The mixed-helicity

two-point function reads

→!|C(→)(x, z; v)C(+)(x↗, z↗; v↗) |!↑ =

=
(|c+|2 + |c↔|2) e↔2i

↘
zz↑ ↑v|P (x,z;x

↑
,z

↑
)|v

↑
↓

2Dist2(x, z;x↗, z↗)
+

c
≃
+c↔ + c

≃
↔c+

2Dist2(x,↔z;x↗, z↗)
, (2.38)

where the last term is the scalar contribution, and the Pεϑ structure is

Pεϑ(x, z;x
↗
, z

↗) =
(x↔ x

↗)εϑ + i (z ↔ z
↗) εεϑ

(x↔ x↗)2 + (z ↔ z↗)2
, (2.39)

where we used the notation →v|V |w↑ = v
ε
Vεϑ w

ϑ . This two-point function describes

the propagation of positive-helicity states created by the SD fields. The negative-helicity
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propagation can be computed in a similar manner:

→!|C(+)(x, z; v)C(→)(x→, z→; v→) |!↑

=
(|c+|2 + |c↑|2) e↑2i

↓
zz↑ ↔v|P̄ (x,z;x

↑
,z

↑
)|v

↑
↗

2Dist2(x, z;x→, z→)
+

c
↘
+c↑ + c

↘
↑c+

2Dist2(x,↓z;x→, z→)
. (2.40)

Interestingly, the same-helicity two-point functions,

→!|C(+)(x, z; v)C(+)(x→, z→; v→) |!↑ =

=
(|c+|2 + |c↑|2) e↑2i

↓
zz↑ ↔v|P̄ (x,↑z;x

↑
,z

↑
)|v

↑
↗

2Dist2(x,↓z;x→, z→)
+

c
↘
+c↑ + c

↘
↑c+

2Dist2(x, z;x→, z→)
, (2.41)

and its complex conjugate →!|C(→)
C

(→) |!↑, do not vanish. As is evident from their struc-

ture, these non-vanishing same-helicity correlators may be interpreted as mirror-image

contributions of the mixed-helicity ones: a massless spin-s field can flip its helicity upon

reflection o” the boundary.

The boundary behavior of these two-point functions deserves careful analysis. To this

end, it is useful to work with the rescaled Weyl tensor 1

z
C

(±)(x, z; v
↓
z
), which makes the

boundary limit more transparent. The rescaling introduces a factor of 1/zs+1 for each Weyl

tensor, yielding the leading behavior

lim
z,z↑≃0

→!| 1
z
C

(→)(x, z; v
↓
z
) 1

z↑ C
(+)(x→, z→; v

↑
↓
z↑
) |!↑

= (|c+|2 + |c↑|2)




exp

(
↓2i →v| x↑x

↑

(x↑x↑)2 |v
→↑
)

(x↓ x→)2
+ 2ω2 →v v→↑F

(
→v| ω

ωx
|v→↑

)
ε
3(x↓ x

→)



 , (2.42)

with

F (y) =
⇐∑

n=0

i
n
y
n

n! (n+ 1)!
=

I1(2
↔
i y)↔

i y
. (2.43)

The second term is a local contact term arising from the boundary limit,

lim
z≃0

xε1ϑ1
· · ·xεnϑn z

(x2 + z2)2+n
=

(↓2)↑n
ω
2

(n+ 1)!
ϑε1ϑ1

· · · ϑεnϑn ε
3(x) . (2.44)

This contact term is parity-odd and can be interpreted as a higher-spin extension of Chern–

Simons theory: for spin s, it arises from the contraction of the spin-s gauge potential with

the corresponding (2s↓ 1)-derivative higher-spin Cotton tensor on the boundary [86, 87].

This boundary local functional may itself emerge from a higher-spin generalization of a

topological bulk action of the type
∫
F ↗ F in four dimensions.

Ultimately, we are interested in the correlation functions of the electric Weyl tensor

C
(E), whose boundary limits correspond to the conserved current correlators in CFT3.

Combining the various contributions, the two-point function

→!|C(E)
C

(E) |!↑ = 1

4

∑

ϖ=±

∑

ϖ↑=±

→!|C(ω)
C

(ω↑
) |!↑ (2.45)
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Interacting WL

• Junction Condition

• Vertex Operator



Junction Condition

• Half (polarization) of                                      should be 
related at 

has boundary limit

lim
z,z→→0

→!| 1
z
C

(E)(x, z; v
↑
z
) 1

z→ C
(E)(x↓, z↓; v

→
↑
z→
) |!↑ = |c+|2 + |c↔|2

(x↓ x↓)2
exp

[
↓2i →v| x↔x

→

(x↔x→)2 |v
↓↑
]
.

(2.46)

The parity-odd contact terms cancel, in agreement with the parity invariance of the theory.

3 Worldline model as interacting theory

Having treated the free worldline model in Section 2, we now turn to the question of how

interactions can be introduced in a string-inspired manner. In string theory, interactions are

geometrically encoded in the joining and splitting of worldsheets. Adopting an analogous

picture at the level of worldlines provides a natural and intuitive framework for introducing

interaction vertices into our model.

Let us consider a situation involving three states rather than two. The transition from

the joining of two incoming states |”1↑ and |”3↑ to a single outgoing state →”2| should be

given by the path integral

A =

∫
DZ →”2|ω(eI2)↑ →ω(sI1)|”1↑ →ω(sI3)|”3↑ exp

(
i

∫

I1↗I2↗I3

!AB ZA · dZB

)
, (3.1)

with appropriate boundary terms understood. Diagrammatically, this transition can be

depicted as

I1
I2

I3

|”1↑

|”3↑

→”2|
J

which contains the junction J = I1 ↔ I2 ↔ I3. For the path integral to be well-defined,

suitable junction conditions must be imposed on the worldline fields ZA at

J = eI1 = sI2 = eI3 . (3.2)

Because the worldline action is first-order in derivatives, only half of the boundary values

ZA(eI1), ZA(sI2), and ZA(eI3) should be related at the junction.

3.1 Junction condition

String theory itself is free at the level of first quantization, with interactions arising from

the joining conditions imposed on the worldsheet fields at junctions. By analogy, in the HS

worldline theory we therefore seek a prescription that smoothly glues three worldline fields
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The parity-odd contact terms cancel, in agreement with the parity invariance of the theory.
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The parity-odd contact terms cancel, in agreement with the parity invariance of the theory.
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Junction Condition
• WL theory is free


• No built-in information of junction condition in general


• In fact, the situation is the same in String Theory


• WS theory is free


• Junction condition is geometrically prescribed


• Maybe, an analogous junction condition exists for WL twistor



Junction Condition
• Double line interpretation

at the junction. Our key observation is that the worldline variables ZA are in fact “two-

twistors,” ZA = (ZA
1
, Z

A
2
), and each “one-twistor” Z

A

i
enjoys all the covariant properties

of the AdS4 symmetry. Therefore, ZA
1

and Z
A
2

can be freely separated as
∫

DZ e
i
∫
Ii

!AB ZA
·dZB

=

∫
DZ1DZ2 e

i
∫
Ii

!AB Z
A
1

dZ
B
1
+i

∫
Ii

!AB Z
A
2

dZ
B
2

=

∫
DZ e

i
∫
IBi

!AB Z
A
dZ

B
+i

∫
IRi

!AB Z
A
dZ

B

, (3.3)

where the worldline I
B

i
is associated with Z

A
1

and I
R

i
with Z

A
2
; both are duplicates of the

original interval Ii. The advantage of this prescription is that we can work with single-

twistor fields Z
A(IB

/I
R) instead of two-twistor fields ZA(I), at the cost of working on a

double-line diagram:

ZA(I)
=→

Z
A(IB)

Z
A(IR)

Returning to the transition amplitude (3.1), the double-line description allows the following

junction conditions:

eIB

1 = sIB

2 , sIR

2 = eIR

3 , eIB

3 = eIR

1 . (3.4)

Since the endpoints of IB

1
and I

R

3
match with the starting points of IB

2
and I

R

2
, respectively,

they form the full arcs I
B
#»
12

and I
R
#»
32
. Here, the arrows over the indices indicate the flow of

the worldline fields:

I
R

1

I
B

1

I
B

2

I
R

2 I
B

3

I
R

3

=→
I
B
#»
12

I
R
#»
32

I
R

1

I
B

3

Notice that the worldlines I
R

1
and I

B

3
have opposite orientations, so they cannot be glued

unless one of them is reversed. Choosing to flip I
B

3
,

I
B

3
=→

I
R

3

we assume that the color also changes upon reversal of orientation. At the level of the

worldline action, the orientation flip introduces an overall minus sign in the one-twistor

action, ∫

IB
3

!AB Z
A dZB = ↑

∫

IR
3

!AB Z
A dZB

. (3.5)

To glue I
R

1
and I

R

3
into a connected line I

R
#»
13
, this minus sign must be absorbed by a redefi-

nition of ZA on I
R

3
. We make the minimal choice,

Z
A ↓ i Z

A
. (3.6)
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Since the endpoints of IB
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match with the starting points of IB

2
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and I
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Z
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A
. (3.6)
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at the junction. Our key observation is that the worldline variables ZA are in fact “two-
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A

i
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Junction Condition
Under this redefinition, all spacetime isometry generators flip sign,

Pωε , Lω
ε
,K

ωε → ↑Pωε ,↑Lω
ε
,↑K

ωε
, (3.7)

as expected, since reversing the arrow of a worldline corresponds to backward propagation

of the worldline particle. Applying these rules, the original transition amplitude becomes

A =

∫
Dω

ω
Dεω ↓!2|ε(eIB

#»
12
),ε(eIR

#»
32
)↔ ↓ε(sIB

#»
12
),ε(sIR

#»
13
)|!1↔ ↗

↗ ↓iε(eIR
#»
13
),ε(sIR

#»
32
)|!3↔ exp

(
↑i

∫

LBRR

dεω ω
ω

)
, (3.8)

over the worldline L
BRR, which can be depicted as

L
BRR =

I
B
#»
12

I
R
#»
32

I
R
#»
13

Repeated application of the above rules allows us to reexpress the same transition amplitude

as

A =

∫
Dω

ω
Dεω ↓!2| iε(sIR

#»
21
),ε(eIR

#»
32
)↔ ↓iε(eIR

#»
21
),ε(sIR

#»
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) |!1↔ ↗

↗ ↓iε(eIR
#»
13
),ε(sIR

#»
32
) |!3↔ exp

(
↑i

∫

LRRR

dεω ω
ω

)
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∫
Dω

ω
Dεω ↓!2|ε(eIB

#»
12
), iε(sIB

#»
23
)↔ ↓ε(sIB

#»
12
), iε(eIB

#»
31
) |!1↔ ↗

↗ ↓ε(sIB
#»
31
), iε(eIB

#»
23
) |!3↔ exp

(
↑i

∫

LBBB

dεω ω
ω

)
, (3.9)

either over LRRR (red lines only) or over LBBB (blue lines only):

L
RRR =

I
R
#»
21

I
R
#»
32

I
R
#»
13

, L
BBB =

I
B
#»
12

I
B
#»
23

I
B
#»
31

.

In this way, we obtain a cyclic diagram with three insertion points. Choosing the blue-line

convention, we find

1

3

2

+

1

2

3
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Vertex Operator
• For manifest crossing symmetry, we introduce 

The first diagram corresponds to the construction just carried out, while the second repre-

sents the other inequivalent way of connecting the three worldlines. Since the two diagrams

are equally valid, both contributions are to be summed.

3.2 Vertex operators

So far we have considered the transition amplitude between →!2| and |!1↑ ↓ |!3↑ for a

three-point interaction. We could equally well consider the transition between →!2|↓ →!3|
and |!1↑, and the two should be related by crossing symmetry. In string theory, crossing

symmetry is manifest by virtue of the worldsheet description, in which a local vertex

operator creates each string state. In this section, we explore whether an analogous vertex

operator can be defined in our worldline theory.

Recall the picture developed in the previous section. Starting from a transition ampli-

tude involving two states connected by a double line,

→!2|ω1,ω2↑
→ω1,ω2|!1↑

we apply the map that reverses the flow of one of the worldlines, taking red to blue:

→!2|ω1, iω2↑
→ω1, iω2|!1↑

which introduces a factor of i in ω2. Now that a worldline enters and exits from the same

state !, we can interpret this as the action of an operator on that worldline. Accordingly,

we define the vertex operator corresponding to a state ! by

→ω1| V̂! |ω2↑ ↔ →ω1, iω2|!↑ , (3.10)

which may be regarded as the worldline counterpart of the state–operator correspondence

in two-dimensional CFT:

→ω1,ω2|!↑

↗↘

→ω1, iω2|!↑

↗↘
→ω1|V̂!|ω2↑

(3.11)

Note that while the state |!↑ carries a unitary representation, the vertex operator V̂!

carries an adjoint one. A symmetry generator X accordingly acts as

X ↭ |!↑ = X |!↑ , X ↭ V̂! = [X, V̂!] , (3.12)

reproducing the relation between the twisted-adjoint and adjoint representations of HSG,

similar to [28].

From the definition (3.10), the transition amplitude can be expressed as a trace,

→!2|!1↑ = ≃Tr
(
ε̂ V̂

†

!2
V̂
!1

)
, (3.13)
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reproducing the relation between the twisted-adjoint and adjoint representations of HSG,

similar to [28].

From the definition (3.10), the transition amplitude can be expressed as a trace,

→!2|!1↑ = ≃Tr
(
ε̂ V̂

†

!2
V̂
!1

)
, (3.13)
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where ω̂
† = ω̂ acts as ω̂ |ε→ = |↑ ε→, and the trace is defined by

Tr Ô =

∫
d2ε→

2ε
↓ε→| Ô |ε→→ . (3.14)

The expression (3.13) uses the identity ↓!|ε1, iε2→ = ↓ε2| ω̂ V̂ †

!
|ε1→. Note that the ω̂ -inserted

trace lacks manifest cyclic symmetry, whereas the simple trace

Tr
(
V̂!2

V̂!1

)
(3.15)

is manifestly cyclic. Before assessing the viability of this simple trace as a candidate

“scattering amplitude” of HSG, we must first resolve an issue. Namely, for a given state

|!→, there can be two associated vertex operators, V̂! and V̂
†

!
. Unless these two operators

are proportional to each other, an ambiguity remains.

To examine the Hermitian properties of the vertex operators corresponding to the

higher-spin states constructed in the previous section, we begin with the state created by

the real scalar, |!→ = ”(x, z) |#→. The corresponding vertex operator is

↓ε1| V̂ (x, z) |ε2→ ↔ ↓ε1, iε2|”(x, z) |#→

= e
i
2
x
ωε

(ω1ωω1ε↑ω2ωω2ε) z

[
c+ e

↑z ↓ω1ω2↔ + c↑ e
+z ↓ω1ω2↔

]
, (3.16)

and its Hermitian conjugate is

↓ε1| V̂ (x, z)† |ε2→ = ↓ε2| V̂ (x, z) |ε1→↗

= e
i
2
x
ωε

(ω1ωω1ε↑ω2ωω2ε) z

[
c
↗

+ e
+z ↓ω1ω2↔ + c

↗

↑ e
↑z ↓ω1ω2↔

]
. (3.17)

Requiring the proportionality

V̂ (x, z)† = w V̂ (x, z) , (3.18)

we find

w =
c
↗
+

c↑
=

c
↗
↑

c+
↗ |c+| = |c↑| . (3.19)

This is consistent with the two boundary conditions: the scalar with the Dirichlet condition

corresponds to c+ = c↑, and the pseudo-scalar with the Neumann condition to c+ = ↑c↑.

The trace of two vertex operators can be computed by Gaussian integration, with the

result

Tr
(
V̂ (x, z) V̂ (x→, z→)

)
= ±c

2

+

(
1

Dist2(x, z|x→, z→)
± 1

Dist2(x,↑z|x→, z→)

)
, (3.20)

where the ± signs correspond to the Dirichlet and Neumann conditions, respectively. Com-

parison with (2.21) yields the two choices

Scalar with Dirichlet BC: c+ = c↑ = c ,

Pseudo-scalar with Neumann BC: c+ = ↑c↑ = i c , (3.21)

with real c, rendering the vertex operator Hermitian with w = 1.
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• Operator form (using Wigner-Weyl transform)

transition amplitude considered in the previous section. The latter is the Wightman func-

tion, whose integral representation involves ei (t→t
→
)ω with ω = 1

2
ε
εϑ(ϑ1εϑ1ϑ +ϑ2εϑ2ϑ) → 0,

so that the integral converges for Im(t↑ t
↑) > 0. For the trace of vertex operators, by con-

trast, the corresponding frequency ω = 1

2
ε
εϑ(ϑ1εϑ1ϑ ↑ ϑ2εϑ2ϑ) has no definite sign, and

no analytic continuation in t↑ t
↑ su!ces to render the integral convergent. This pattern is

suggestive of—though not literally identical to—the structure of the Feynman propagator,

and a cleaner interpretation appears to require passing to Euclidean signature, with the

twistor variables analytically continued in tandem. We do not pursue this analysis here,

but hope to return to it in future work.

Operator form. So far, we have identified the matrix elements of the vertex operators

that close into a worldline loop. It is also instructive to derive their symbols and operator

expressions. The symbol of a matrix element is obtained via the Wigner–Weyl transform,

V (x, z|ϖ,ϑ) =
∫

d2ϱ

2ϑ
e
→iϖω ϱ

ω 〈
ϑ + ϖ

2

∣∣ V̂ (x, z)
∣∣ϑ ↑ ϖ

2

〉
. (3.28)

For the scalar field, one finds

V (x, z|ϖ,ϑ) = c+ z ε
2(ϖε ↑ x

εϑ
ϑϑ ↑ iz ϑ

ε) + c→ z ε
2(ϖε ↑ x

εϑ
ϑϑ + iz ϑ

ε) . (3.29)

The delta functions impose the relations ϖ
ε = x

εϑ
ϑϑ ± iz ϑ

ε, which can be recognized

as twistor incidence relations.10 The appearance of the imaginary unit suggests that an

analytic continuation of the real twistor space is required. The corresponding operator

V̂ (x, z) is obtained by promoting the symbol in the standard way:

V̂ (x, z) = c+ z ε
2(ϖ̂ε ↑ x

εϑ
ϑ̂ϑ ↑ iz ϑ̂

ε) + c→ z ε
2(ϖ̂ε ↑ x

εϑ
ϑ̂ϑ + iz ϑ̂

ε) , (3.30)

where the delta function with operator argument is understood as

ε
2(Ô) =

∫
d2ϱ

2ϑ
e
i ↓ϖ Ô↔

. (3.31)

For the spinning case, the symbols read

V
(±)(x, z|ϖ,ϑ) = c+ z ε

2(ϖε ↑ x
εϑ

ϑϑ ± i z ϑ
ε + i

↓
z v

ε)

+ c→ z ε
2(ϖε ↑ x

εϑ
ϑϑ ↔ i z ϑ

ε) e2
↗
z ↓ς v↔

, (3.32)

with the corresponding operator forms

V̂
(±)(x, z) = c+ z ε

2(ϖ̂ε ↑ x
εϑ

ϑ̂ϑ ± i z ϑ̂
ε + i

↓
z v

ε)

+ c→ z ε
2(ϖ̂ε ↑ x

εϑ
ϑ̂ϑ ↔ i z ϑ̂

ε + i
↓
z v

ε) e2
↗
z ↓ς̂ v↔

. (3.33)

Note that upon passing from the symbol to the operator, the delta-function argument is

shifted by i
↓
z v

ε, so that the incidence relation itself acquires a polarization-dependent

shift.
10A somewhat similar structure, ωω = z↑1/2 K

[
(x→x)ωε vε↑ iz vω

]
, with xωε a boundary reference point

and K the bulk-to-boundary propagator of a scalar field of dimension ! = 1, was employed in [75]. We

comment further on this connection below.
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4 Worldline model for higher-spin gravity

Building on the preceding discussion, we now propose a worldline formulation of HSG. Just

as string theory furnishes S-matrix elements as its physical observables, the HS worldline

theory furnishes correlation functions as its physical observables. The connected correlation

functions of the quantum fields of HSG are given by

〈
C(x1, z1; v1) · · · C(xn, zn; vn)

〉
HSG

connected

=
∑

ω→Sn/Zn

1

g2
HSG

〈
V̂ (xω(1), zω(1); vω(1)) · · · V̂ (xω(n), zω(n); vω(n))

〉
WL

, (4.1)

where the fields C are either the scalar ! or the electric Weyl tensor C(E), and V̂ denotes

the corresponding vertex operator. We have introduced the HSG coupling constant g
HSG

as a proportionality constant relating the correlators of higher-spin fields to those of the

vertex operators.11

The summation runs over all distinct ways of connecting the 2n oriented worldlines—

originating from the n doubled-line insertions via the state–operator correspondence (3.11)—

into a single connected diagram representing the closed worldline loop L,

n

12

3

4

→↑
∑

ω→Sn/Zn

ω(n)

ω(1)ω(2)

ω(3)

ω(4)
L

, (4.2)

where Sn and Zn are the symmetric and cyclic groups, respectively. The correlator of

vertex operators is then given by the path integral over the worldline L,
〈
V̂ (x1, z1; v1) · · · V̂ (xn, zn; vn)

〉

WL

=

∫
Dω

ε
Dεε V (x1, z1; v1) · · · V (xn, zn; vn) e

↑i
∫
L dϑω ϖ

ω

=

∫
d2ε1 · · · d2εn

(2ε)n
↓εn| V̂ (x1, z1; v1) |ε1↔ · · · ↓εn↑1| V̂ (xn, zn; vn) |εn↔

= Tr
(
V̂ (x1, z1; v1) · · · V̂ (xn, zn; vn)

)
, (4.3)

which, as in the two-point case (2.5), reduces to an ordinary finite-dimensional integral and

coincides with the trace of the vertex operators.

4.1 Bulk correlation functions

The type-A and type-B vertex operators are defined by (3.36a) and (3.36b), with the

coe”cients given by (3.37a) and (3.37b). Since we restrict our attention to the integer-spin

11Since HSG should contain an Einstein gravity sector in some form, one expects g2HSG → GN L→2

AdS
, where

GN is the Newton constant and LAdS is the AdS radius.
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4 Worldline model for higher-spin gravity
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WL HSG
• Vertex operator fixed by dual parity map

3.3 Superselection

We have seen that, for massless spin-s fields, the corresponding vertex operator is not

uniquely fixed, even after imposing the Dirichlet boundary condition—which amounts to

setting the magnetic field to zero—together with the (anti-)Hermiticity, and even after

accounting for the overall real factor. The remaining ambiguity is parametrized by e
2ω,

the ratio between c+ and c→ for each spin, where c± are the coe!cients of the S = ±s

eigenspaces. This ambiguity, present at every spin, originates from the fact that the Hilbert

space of our worldline model contains the HSG spectrum twice—once for each sign of the S
eigenvalue. Were these ambiguities left unresolved, the theory would su”er from an infinite

tower of free parameters, none of which carry physical meaning.

We therefore eliminate them by employing the dual parity maps

P̃1(ω1ε,ω2ε) = (→ω1ε,ω2ε) , P̃2(ω1ε,ω2ε) = (ω1ε,→ω2ε) , (3.34a)

S̃ (ω1ε,ω2ε) = (ω2ε,ω1ε) . (3.34b)

Unlike the physical parity maps (2.10), these Z2 maps preserve every AdS4 isometry gen-

erator but reverse the sign of the spin operator:

P̃I S P̃→1

I
= S̃S S̃→1 = →S . (3.35)

The maps P̃I and S̃ are all equivalent up to conjugation by an SO(2) rotation generated by

S, so any one of them may be used to take a quotient of our Hilbert space. This quotient

identifies the S = +s and S = →s eigenspaces, thereby resolving the ambiguity. Being

Z2, the dual parity map admits only two distinct actions: trivial or sign-flipping. These

two options correspond to type-A and type-B HSG, respectively. At the level of the vertex

operator, we can use the P̃2 map to implement the Z2 quotient, so that the two cases read

Type A: ↑ω1| V̂ |→ ω2↓ = +↑ω1| V̂ |ω2↓ , (3.36a)

Type B: ↑ω1| V̂ |→ ω2↓ = →↑ω1| V̂ |ω2↓ . (3.36b)

This sets ε = 0 for every spin s > 0 and uniquely fixes, up to the overall factor c, the

vertex-operator coe!cients—for all spins, including the (pseudo-)scalar—as

Type A: c+ = +c→ = c , (3.37a)

Type B: c+ = →c→ = i c . (3.37b)

The preceding discussion was framed in terms of the worldline model (2.3) on a doubled

line: the target twistor space T of AdS4, with coordinates (Z1
A
, Z2

A), is to be replaced

by the orbifold T/Z2 defined by the identification (Z1
A
, Z2

A) ↔ (Z1
A
,→Z2

A). Since the

doubled line will eventually be split into two single lines, this orbifold construction must

also be extended to the single-line case—a point to which we return in Section 5.
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• Type A

• Type B

sector, only even powers of the auxiliary polarization v contribute, and we replace each

exponential e
→
z↑(ω1±ω2)v↓ by its even projection cosh(

→
z↑(ω1 ± ω2)v↓). With the standard

normalization of two-point functions, we choose the overall factor as c = g
HSG

/2. For the

type-A theory, this yields

↑ω1| V̂A(x, z; v) |ω2↓
= g

HSG
z e

i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) cosh(z↑ω1ω2↓) cosh(
→
z↑ω1v↓) cosh(

→
z↑ω2v↓) , (4.4a)

which also encompasses the scalar sector, since the two cosh factors involving v reduce to

unity at v = 0. The corresponding vertex operator of the type-B theory reads

↑ω1| V̂B(x, z; v) |ω2↓
= i g

HSG
z e

i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) cosh(z↑ω1ω2↓) sinh(
→
z↑ω1v↓) sinh(

→
z↑ω2v↓) .(4.4b)

Unlike its type-A counterpart, this expression vanishes in the spin-zero sector. The pseudo-

scalar field !(x, z) must therefore be accommodated by a separate vertex operator,

↑ω1| V̂B(x, z) |ω2↓ = i g
HSG

z e
i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) sinh(z↑ω1ω2↓) , (4.4c)

in which the overall sign factor has been redefined for later convenience.

To evaluate the n-point traces of these vertex operators, it is advantageous to first

cast their matrix elements into a uniform Gaussian form. To this end, we introduce the

auxiliary Gaussian vertex operator

↑ω1| Ĝ(x, z; vL
, v

R) |ω2↓ = e
i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε)+z↑ω1ω2↓+↑ω1v
L
↓+↑ω2v

R
↓
, (4.5)

which serves as a generating object from which each physical vertex operator is recovered

by an appropriate projection. Concretely, after rescaling v ↔ v/
→
z, one finds

1

z
V̂A

(
x, z; v

→
z

)
= g

HSG
Ĝ(x, z; vL

, v
R)
∣∣∣ even z
even vL,vR
vL=vR=v

, (4.6a)

for the type-A vertex operator, and

1

z
V̂B

(
x, z; v

→
z

)
= i g

HSG
Ĝ(x, z; vL

, v
R)
∣∣∣ even z
odd vL,vR
vL=vR=v

,
1

z
V̂B(x, z) = i g

HSG
Ĝ(x, z; 0, 0)

∣∣∣
odd z

,

(4.6b)

for the spinning and pseudo-scalar sectors of the type-B theory, respectively. The key

advantage of this reformulation is that the trace Tr(V̂ · · · V̂ ) is obtained from Tr(Ĝ · · · Ĝ)

by the same projection, and the latter is amenable to direct evaluation via matrix Gaussian

integrals; see Appendix C for details.

The Gaussian trace assumes the standard form of an exponential divided by the square

root of a determinant. Although compact, the resulting expression depends on the variables

zi in a rather intricate manner, and it is instructive to organize this dependence as a power

series in zi. A systematic expansion yields

Tr
[
Ĝ(x1, z1; v

L

1 , v
R

1 ) · · · Ĝ(xn, zn; v
L

n, v
R

n)
]
=

exp
(
L+iP

2

)
√

x2
12
x2
23

· · · x2
n1

, (4.7)
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Ĝ(x, z; vL

, v
R)
∣∣∣ even z
even vL,vR
vL=vR=v

, (4.6a)

for the type-A vertex operator, and

1

z
V̂B

(
x, z; v

→
z

)
= i g

HSG
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in which the two distinct contributions L and P admit transparent diagrammatic inter-

pretations. The first contribution, L =
∑

→

m=1
L(m), originates from the expansion of the

determinantal prefactor and is given by

L(m) = (→i)m
∑

i1,i2,...,im
with ip+1 = ip±1, im=i0

zi1 · · · zim 1

m
tr
(
x
↑1

i1 i1+1
x
↑1

i2 i2+1
· · · x↑1

im im+1

)
. (4.8)

Each L(m) thus collects all closed paths of length m on the cyclic chain of sites, weighted

by the corresponding product of inverse separations. The second contribution, P =∑
n

i,j=1
P(m)

ij
, arises from the Gaussian factor in the numerator and encodes the open paths
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Qi = ↑vi|
(
x
↑1

i i+1
→ x

↑1

i i↑1

)
|vi↓ , Pi i+1 = Ri i+1 , Rij = ↑vi|x↑1

i i+1
· · · x↑1

j↑1 j
|vj↓ .
(4.11)
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terms localized at site i, while Rij—defined for arbitrary j in view of its later use—encodes
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WL HSG
• Similarities with String Theory


• Vertex operators satisfy free equation


• Fields become free only at asymptotic infinity

parameter. This expectation, however, is incompatible with the fact that each vertex

operator satisfies the free equations of motion, just as the wave functions do in (2.34a)

and (2.34b). Moreover, in view of the absence of local observables in quantum gravity,

correlation functions in HSG are meaningful only at the boundary, where the asymptotic

states are e!ectively free.

It is helpful to draw an analogy with string theory to clarify the underlying principle of

our worldline model. In string theory, the fundamental fields are the coordinate functions

X
µ(ω,ε) mapping the worldsheet into the target space, while the momentum pµ enters as

external data. Integrating out Xµ produces scattering amplitudes as functions of pµ.

In our worldline model, the corresponding role is played by the twistor variables ϑ
ω

and ϖω, of which only ϖω is directly related to the transverse momentum, pωε = ϖω ϖε .

The worldline model is therefore naturally viewed as describing dynamics in momentum

space rather than in position space, with ϑ
ω playing the role of the variable conjugate to

ϖω in the first-order formulation.

With this identification in hand, the analogy proceeds as follows. A string state is

a wave functional of Xµ(ω0,ε) at fixed ω0, whereas an HSG state is a wave function of

ωω(ω0). In string theory, the momentum pµ labels distinct plane waves from which vertex

operators are constructed; in the worldline model, the role of pµ is played by the spacetime

point (xωε , z), which labels distinct Dirac delta functions from which vertex operators are

constructed. The crucial parallel concerns the regime of validity: in string theory, plane

waves solve the free equations, but they remain useful even in the interacting theory once

they are sent to infinity as in or out states. In precisely the same way, the delta functions

in our worldline model solve the free equations, but they can be used in the interacting

theory once the corresponding spacetime points are sent to the asymptotic boundary. This

dictionary is summarized in Table 1.

String theory HSG worldline theory

Worldsheet parameters ω,ε Worldline parameter ω

Position variable X
µ(ω,ε) Twistor variable ωω(ω)

String state ”[Xµ(ω0,ε)] at fixed ω0 HSG state ”(ωω(ω0)) at fixed ω0

Momentum pµ AdS4 point (xωε , z)

Plane wave e
i pµ X

µ
(ϑ,ϖ) Delta function ϱ

2(ϑω(ω)→ x
ωε

ϖε(ω)± iz ϖ
ω(ω))

Table 1. Dictionary between string theory and the HSG worldline model.

A more direct connection to string theory may be sought by pursuing the proposal

of [28] that a worldsheet can be viewed as a fabric woven from countless worldlines—see

[57, 58] for a twistorial worldsheet action closely resembling its worldline cousin. Beyond the

conceptual picture and the available circumstantial evidence, a concrete realization of this

idea remains to be developed. In this direction, the key missing ingredient is a prescription

for increasing the number of worldlines while keeping the light spectrum unchanged. An

algebraic answer to this question has in fact already been provided in [94, 95]. The next

step is then to endow the resulting collection of world-threads with a two-dimensional
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WL HSG

• Boundary limit of Type A/B WL HSG correlation functions 
reproduce free boson/fermion CFT correlation functions


• ex. type A: 
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Remarks



CFT 
• Higher Spin/O(N) CFT duality


• Conjecture [Sezgin-Sundell 02, Klebanov-Polyakov 02]


• Test [Giombi-Yin 10-, Colombo-Sundell 12, Didenko-Skvortsov 13, …]


• CFT operators [Sezgin+ 17]

with only a single spinning site contributing sin(Q1/2) and the pseudo-scalar pair generat-

ing the closed path R11. Finally, the purely pseudo-scalar three-point function vanishes,

lim
{zi}→0

〈
1

z2
1

!(x1, z1)
1

z2
2

!(x2, z2)
1

z2
3

!(x3, z3)
〉
TypeB

= 0 , (4.22)

since the two cyclic orderings contribute with opposite signs and cancel.

4.3 Comparison with earlier works

Having presented our results, we now place them in context and compare with several

closely related lines of research. We first discuss the agreement of our boundary correlators

with the standard CFT computations of higher-spin currents, then turn to the technical

and conceptual parallels with the trace calculations in twisted-adjoint sector of Vasiliev

equation, and finally examine the close kinship of our framework with the brane-parton

proposal of Engquist and Sundell.

CFT results. Taken together, our results reproduce precisely the boundary correlators

of the free boson and free fermion vector models—see, e.g., [70, 88, 89] and also [74–76]—

thereby furnishing a nontrivial check of the duality at the level of n-point functions. The

agreement may be traced back, at a more structural level, to a correspondence between the

worldline vertex operators and the generating functions of higher-spin conserved currents

in the dual CFTs. The generating functions of the type-A and type-B currents, together

with that of the pseudo-scalar operator, were constructed in [89] in the form

jA(x; v) = cos(2eiω/4
√
U1) cos(2e

iω/4
√
→U2) ω̄a(x1)ω

a(x2)
∣∣
x1=x2=x

,

jB(x; v) =
1↑

→U1 U2

sin(2eiω/4
√
U1) sin(2e

iω/4
√
→U2) v

ε
v
ϑ
ε̄
a

ε(x1)εaϑ(x2)
∣∣
x1=x2=x

,

j̃B(x) = ε̄
a

ε(x)ε
ε

a (x) , (4.23)

with

U1 =
1

2
v
ε
v
ϑ
ϑ
1

εϑ , U2 =
1

2
v
ε
v
ϑ
ϑ
2

εϑ . (4.24)

Performing the on-shell Fourier transform of the boundary fields and substituting the

twistor representation of the momenta, one finds that these generating functions coincide

with the boundary limit of the spinning vertex operators (4.4a) and (4.4b), as well as with

the pseudo-scalar vertex operator (4.4c). The worldline construction therefore provides a

bulk realization of the very generating functions that organize the higher-spin currents on

the boundary.

We emphasize that the radial dependence ±zi↓ϖi ϖj↔ in each vertex operator gives rise,

upon Gaussian integration, to a rich pattern of subleading contributions in the boundary

expansion, so that the full set of parity-even and parity-odd boundary correlators of the

dual CFTs is recovered, in a uniform manner, from a single bulk worldline computation.

Our position-space correlation functions can be readily translated to momentum space

by Fourier-transforming with respect to each insertion point xi. The integral over xi

produces a delta function,

ϱ
3

(
ςiε ς̄iϑ → ϖiε ϖiϑ + ϖ(i+1)ε ϖ(i+1)ϑ

)
, (4.25)

– 26 –

sector, only even powers of the auxiliary polarization v contribute, and we replace each

exponential e
→
z↑(ω1±ω2)v↓ by its even projection cosh(

→
z↑(ω1 ± ω2)v↓). With the standard

normalization of two-point functions, we choose the overall factor as c = g
HSG

/2. For the

type-A theory, this yields

↑ω1| V̂A(x, z; v) |ω2↓
= g

HSG
z e

i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) cosh(z↑ω1ω2↓) cosh(
→
z↑ω1v↓) cosh(

→
z↑ω2v↓) , (4.4a)

which also encompasses the scalar sector, since the two cosh factors involving v reduce to

unity at v = 0. The corresponding vertex operator of the type-B theory reads

↑ω1| V̂B(x, z; v) |ω2↓
= i g

HSG
z e

i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) cosh(z↑ω1ω2↓) sinh(
→
z↑ω1v↓) sinh(

→
z↑ω2v↓) .(4.4b)

Unlike its type-A counterpart, this expression vanishes in the spin-zero sector. The pseudo-

scalar field !(x, z) must therefore be accommodated by a separate vertex operator,

↑ω1| V̂B(x, z) |ω2↓ = i g
HSG

z e
i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε) sinh(z↑ω1ω2↓) , (4.4c)

in which the overall sign factor has been redefined for later convenience.

To evaluate the n-point traces of these vertex operators, it is advantageous to first

cast their matrix elements into a uniform Gaussian form. To this end, we introduce the

auxiliary Gaussian vertex operator

↑ω1| Ĝ(x, z; vL
, v

R) |ω2↓ = e
i
2
x
ωε

(ω1ωω1ε↔ω2ωω2ε)+z↑ω1ω2↓+↑ω1v
L
↓+↑ω2v

R
↓
, (4.5)

which serves as a generating object from which each physical vertex operator is recovered

by an appropriate projection. Concretely, after rescaling v ↔ v/
→
z, one finds

1

z
V̂A

(
x, z; v

→
z

)
= g

HSG
Ĝ(x, z; vL

, v
R)
∣∣∣ even z
even vL,vR
vL=vR=v

, (4.6a)

for the type-A vertex operator, and

1

z
V̂B

(
x, z; v

→
z

)
= i g

HSG
Ĝ(x, z; vL

, v
R)
∣∣∣ even z
odd vL,vR
vL=vR=v

,
1

z
V̂B(x, z) = i g

HSG
Ĝ(x, z; 0, 0)

∣∣∣
odd z

,

(4.6b)

for the spinning and pseudo-scalar sectors of the type-B theory, respectively. The key

advantage of this reformulation is that the trace Tr(V̂ · · · V̂ ) is obtained from Tr(Ĝ · · · Ĝ)

by the same projection, and the latter is amenable to direct evaluation via matrix Gaussian

integrals; see Appendix C for details.

The Gaussian trace assumes the standard form of an exponential divided by the square

root of a determinant. Although compact, the resulting expression depends on the variables

zi in a rather intricate manner, and it is instructive to organize this dependence as a power

series in zi. A systematic expansion yields

Tr
[
Ĝ(x1, z1; v

L

1 , v
R

1 ) · · · Ĝ(xn, zn; v
L

n, v
R

n)
]
=

exp
(
L+iP

2

)
√

x2
12
x2
23

· · · x2
n1

, (4.7)
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by the same projection, and the latter is amenable to direct evaluation via matrix Gaussian

integrals; see Appendix C for details.

The Gaussian trace assumes the standard form of an exponential divided by the square

root of a determinant. Although compact, the resulting expression depends on the variables

zi in a rather intricate manner, and it is instructive to organize this dependence as a power

series in zi. A systematic expansion yields

Tr
[
Ĝ(x1, z1; v

L

1 , v
R

1 ) · · · Ĝ(xn, zn; v
L

n, v
R

n)
]
=

exp
(
L+iP

2

)
√

x2
12
x2
23

· · · x2
n1

, (4.7)

– 22 –

with only a single spinning site contributing sin(Q1/2) and the pseudo-scalar pair generat-

ing the closed path R11. Finally, the purely pseudo-scalar three-point function vanishes,

lim
{zi}→0

〈
1

z2
1

!(x1, z1)
1

z2
2

!(x2, z2)
1

z2
3

!(x3, z3)
〉
TypeB

= 0 , (4.22)

since the two cyclic orderings contribute with opposite signs and cancel.

4.3 Comparison with earlier works

Having presented our results, we now place them in context and compare with several

closely related lines of research. We first discuss the agreement of our boundary correlators

with the standard CFT computations of higher-spin currents, then turn to the technical

and conceptual parallels with the trace calculations in twisted-adjoint sector of Vasiliev

equation, and finally examine the close kinship of our framework with the brane-parton

proposal of Engquist and Sundell.

CFT results. Taken together, our results reproduce precisely the boundary correlators

of the free boson and free fermion vector models—see, e.g., [70, 88, 89] and also [74–76]—

thereby furnishing a nontrivial check of the duality at the level of n-point functions. The

agreement may be traced back, at a more structural level, to a correspondence between the

worldline vertex operators and the generating functions of higher-spin conserved currents

in the dual CFTs. The generating functions of the type-A and type-B currents, together

with that of the pseudo-scalar operator, were constructed in [89] in the form

jA(x; v) = cos(2eiω/4
√
U1) cos(2e

iω/4
√
→U2) ω̄a(x1)ω

a(x2)
∣∣
x1=x2=x

,

jB(x; v) =
1↑

→U1 U2

sin(2eiω/4
√
U1) sin(2e

iω/4
√
→U2) v

ε
v
ϑ
ε̄
a

ε(x1)εaϑ(x2)
∣∣
x1=x2=x

,

j̃B(x) = ε̄
a

ε(x)ε
ε

a (x) , (4.23)

with

U1 =
1

2
v
ε
v
ϑ
ϑ
1

εϑ , U2 =
1

2
v
ε
v
ϑ
ϑ
2

εϑ . (4.24)

Performing the on-shell Fourier transform of the boundary fields and substituting the

twistor representation of the momenta, one finds that these generating functions coincide

with the boundary limit of the spinning vertex operators (4.4a) and (4.4b), as well as with

the pseudo-scalar vertex operator (4.4c). The worldline construction therefore provides a

bulk realization of the very generating functions that organize the higher-spin currents on

the boundary.

We emphasize that the radial dependence ±zi↓ϖi ϖj↔ in each vertex operator gives rise,

upon Gaussian integration, to a rich pattern of subleading contributions in the boundary

expansion, so that the full set of parity-even and parity-odd boundary correlators of the

dual CFTs is recovered, in a uniform manner, from a single bulk worldline computation.

Our position-space correlation functions can be readily translated to momentum space

by Fourier-transforming with respect to each insertion point xi. The integral over xi

produces a delta function,

ϱ
3

(
ςiε ς̄iϑ → ϖiε ϖiϑ + ϖ(i+1)ε ϖ(i+1)ϑ

)
, (4.25)
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where piωε = ωiωω̄iε denote the external momenta in spinor-helicity form. The resulting

delta functions enforce a set of nontrivial algebraic relations between the spinor-helicity

variables (ωi, ω̄i) and the worldline twistor variables εi, which constrain the kinematic

structure of the momentum-space correlators in a manner reminiscent of the constraints

encountered in [90]. In particular, projecting the polarization spinors onto vi = ωi or

vi = ω̄i reproduces the spinor-helicity setup employed in [91–93], in which the parity-

even and parity-odd CFT three-point functions admit especially compact expressions. A

detailed analysis of how our worldline correlators map onto these spinor-helicity structures

would be an interesting topic for future investigation.

Twisted-adjoint sector of Vasiliev equation. It is also instructive to draw an anal-

ogy between the worldline observables (4.1) and the results of [74–76] obtained within

the twisted-adjoint sector of Vasiliev theory. There, the correlation function is likewise

expressed as a permutation sum of a trace,

Tr
(
B(X; x1, Z1|Y ) ϑ ϖ ϑB(X, x2, Z2|Y ) ϑ · · · ϑB(X; xn, Zn|Y ) ϑ ϖ

)
, (4.26)

where B and ϖ denote the Weyl zero-forms and the Kleinian operator, respectively, so

that B ϑ ϖ transforms in the adjoint representation of the higher-spin algebra. Following

the interpretation of [74–76], and the computational details of [75, 76], the zero-form B

is the classical solution of the free twisted-adjoint equation corresponding to the bulk-

to-boundary propagator, with an appropriate higher-spin dressing factor, given explicitly

by

B(x, z; xi, ϱi, ϱ̄i|y, ȳ) = K(x, z, xi) e
→i yω F

ωω̇
(x,z,xi) ȳω̇

(
e
i(ϑ

ω
i yω+ϖ) + c.c + (ε→↑ε

ε̄→↑ε̄)
)
, (4.27)

with the functions K and F
ωω̇ defined by

K(x, z, xi) =
z

(x→ xi)2 + z2
,

F
ωω̇(x, z, xi) = →

(
2z

(x→ xi)2 + z2
(x→ xi)

ωω̇ +
(x→ xi)2 → z

2

(x→ xi)2 + z2
i ς

ωω̇

)
. (4.28)

Here, X = (x, z) denotes a bulk reference point and the xi are boundary points, while

Zi = (ϱi, ϱ̄i) are the bulk-transported boundary polarizations vω
i
,

ϱ
ω

i = K(x, z, xi)

(
1↑
z
(x→ xi)

ωε →
↑
z i ς

ωε

)
viε . (4.29)

The star product and the trace are taken with respect to the Y = (y, ȳ) oscillators.

Our construction bears a clear resemblance to this framework. Indeed, the y and ȳ

oscillators can be mapped to our variables (φ,ε) through

yω = φω → iεω , ȳω̇ = φω + iεω , (4.30)

so that the Gaussian structure ofB corresponds to that of the wave function ↓ε1,ε2|C(E)|!↔,
while the twisted field B ϑ ϖ plays the same role within the trace as our vertex operator
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• Twisted adjoint field [Colombo-Sundell 12, Didenko-Skvortsov 13] 

• Bulk-to-Boundary propagator

• Trace
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yω = φω → iεω , ȳω̇ = φω + iεω , (4.30)

so that the Gaussian structure ofB corresponds to that of the wave function ↓ε1,ε2|C(E)|!↔,
while the twisted field B ϑ ϖ plays the same role within the trace as our vertex operator

– 27 –

• Bulk coord: x decouples and z set to a reference point



Brane Partons

• Emergent in tensionless limit of ST


• N singletons (2 singletons for HSG)


• Vertex operators in adjoint representation


• Vector variables with Sp(2,R) constraints


• Topological String (Poisson sigma model)

[Enquist-Sundell 06] 



Poisson Sigma Model
• WL model as Edge mode of PSM


• Summation over WS topologies


• Fractional Branes?


• Target space is Z2 orbifold (dual parity map)


• Geometric counterpart of “multiparticle algebra” [Vasiliev 13&18]

topology—that is, to specify the weaving pattern. In either case, this line of development

calls for an enlargement of the target space, accompanied by eventual Z2 orbifoldings.

5.2 Formulation by Poisson sigma model

The worldline model employed in this paper is, strictly speaking, a double-line model that

governs the free propagation of higher-spin fields; to accommodate interactions, however,

we were led to split the double line into two single lines connected at vertices. This splitting

prescription, while operationally e!ective, partially obscures the underlying identity of the

worldline theory. A more unified picture is obtained by recognizing the worldline as the

boundary mode of a two-dimensional theory—specifically, the Poisson sigma model (PSM)

SPSM =

∫

!

ωA → dZA +
1

2
µ
AB(Z) ωA → ωB , (5.1)

a possibility already pointed out in [28]. Here, ZA are zero-forms and ωA are one-forms on

the worldsheet ”. From this perspective, our worldline model arises as the dynamics of the

edge modes of the PSM, and the doubled-line structure acquires an unambiguous origin as

the two sides of an open worldsheet.

To verify this reduction explicitly, we integrate out the Lagrange multiplier ωAω , which

produces the constraint

εεZ
A + µ

AB(Z) ωAε = 0 . (5.2)

In the symplectic case, in which µ
AB admits an inverse ϑAB, this constraint can be solved

uniquely for ωAε, and the action reduces to a closed two-form on the target space,

SPSM =

∫

!

1

2
ϑAB(Z) dZA → dZB =

∫

ϑ!

ϖA(Z) dZA
. (5.3)

The second equality, which follows from Stokes’ theorem, makes manifest that the bulk

action localizes onto its boundary. Choosing the symplectic form to be the constant one

introduced in (2.2), ϑAB(Z) = #AB, the symplectic potential becomes simply ϖA(Z) =

#AB Z
B, and the boundary action reproduces precisely the worldline theory studied in the

preceding sections.

This equivalence holds at the level of the classical action. Whether it persists at

the quantum level might be a more delicate question, and we do not attempt to settle it

here. Proceeding nonetheless on the assumption that the worldline and PSM descriptions

remain equivalent upon quantization, we may import the conceptual toolkit of open-string

theory: vertex operators are inserted exclusively on the boundary; the endpoints of the

open string—identified with the edges of the worldsheet that constitute the worldline—

may be dressed with Chan–Paton factors; and the full machinery of worldsheet topology

becomes available for organizing perturbation theory. For supersymmetric generalizations

of the PSM developed along related lines, we refer the reader to [77, 96, 97].

Even where the two pictures may eventually turn out to agree, the PSM perspective

often renders certain features considerably more transparent than the worldline description

does. A case in point is provided by fractional branes. Since the target twistor space of the
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Other Aspects
• Loops


• as WL HSG, no loop unless we extend the prescription


• PSM contains loops (ex. 1-loop = Annulus or Mobius)


• Unoriented theory


• Other future directions


• dS, Flat (Chiral)


• Deformation for theta dependence (CS matter CFT)?
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